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CHAPTER 1

INTRODUCTION

In the field of underwater sound, the ability to model acoustic propagation
is an essential part of most practical applications. For example, tile development
of passive and active sonar systems, the estimation of ranges at which targets can
be detected, and the study of the effects of ambient noise sources all require an
understanding of how sound propagates in complex ocean environments.

In recent years, the advent of ever more powerful computers has enabled
researchers to develop and implement sophisticated propagation models that nu-
merically solve the acoustic wave equation or approximations to it. Such models
rely on a thorough description of the environment, which must include the geome-
try (bathymetry, layering in the ocean bottom, and sea surfice state, for example),
as well as the acoustic properties of the media (sound speed, density, and attenua-
tion, for example). However, even if the environment were known exactly, models
typically have limitations associated with them, such as the ability to properly
account for (1) dependence of the environmental parameters on range, (2) propa-
gation in three-dimensional environments, (3) energy propagating at angles near
vertical, (4) shear wave propagation in the ocean bottom, (5) scattering from
rough surfaces, and (6) nonlinear effects. Practical limitations, such as the range
of frequencies that can be modeled, often arise simply because the computation
time is too large or the storage capaciy' of the computer is exceeded.

A problem with the development of any model is the evaluation of its
accuracy. There are always factors that can introduce error in the results of a
propagation model, such as approximations in the theoretical formulation, errors
arising from numerical methods used in the computer algorithm, or simply er-
rors in the coding of the program. One way to verify the accuracy of a model
is to compare its solutions with those of another model that relies oil a different
method. This technique for model verification requires the definition of certaitn
"benclinark" problems to which different models cail be applied and their solli-
tions compared. Recently, the Underwater Acoustics community of the Acoustical
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Society of America proposed benchmark problems that address propagation in
range-dependent environments. More specifically, the problems consist of a point
source in a two-dimensional, isovelocity wedge of shallow water, surrounded above
by air and below by sand. One concrete result of the present research is a new,
accurate, and physically intuitive method for acoustic propagation modeling that
can be applied to these benchmark problems.

The goal of the research in this dissertation has been to develop a method
based on ray theory that is accurate in shallow water ocean environments. Since
classical ray theory is based on a high-frequency approximation to the wave equa-
tion, it is not valid in shallow water, where the water depth is typically on the
order of tens of wavelengths or less. In order to adapt classical ray theory, we
begin with an exact. formulation for the reflection and transmission of a spleri-
cal wave incident on a single plane interface. Preserving as much as possible the
intuitive notions of ray theory, we develop a method for solving the single inter-
face problem accurately, even -it low frequencies. We then extend the method
to calculate the field due to rays that undergo multiple reflections. Using these
tools, we can calculate the total field in ocean environments with flat or sloping
bottoms by summing together all of the significant rays. Unlike most numerical
models, which provide little or no physical insight into tile paths and mechanisms
of propagation, the ray method developed here can be analyzed in terms of ray
arrival angles, travel times, and propagation paths.

This dissertation is organized as follows. In Chapter 2 the basic method
for finding the reflected and transmitted fields due to a point source in the presence
of a single plane interface is developed. The extension to oceanic environments
with flat and sloping bottoms is made in Chapter 3. In Chapter 4 we address in
detail the benchmark wedge problems and show comparisons between solutions
obtained from the ray model and from a two-way coupled miode model. The
problem of propagation in a three-dimensional wedge, where sound travels across
the sloping bottom rather than straight up or down the slope, is discussed in
Chapter 5. In Chapter 6, we demonstrate how the methods we have developed
for modeling a point source can be used to model a directional source. Several
examples of the reflected and transmitted fields due to a beam incideit on a fluid-
fluid interface near the critical angle are given. Concluding remiarks are made in
Chapter 7.

Three of the chapter of this dissertation are based on ianiuscripts that
were submitted for publicatiom in the Journal of the Acom.stical Society of Amer-
ica in 1988. (hapter 2 is based on the mianuiscript' etitled "(Comi)lex ray methi-
ods for acotistic interactionm at a lIiid-illi id literface, Chapter 3 is ba.sed oil I1ll.
manuiscript' entitled "Ray iniliods for flat and sloping ocealnic waveguiides," and
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Chapter 4 is based on the manuscript3 entitled "Ray model solutions to the bench-
mark wedge problems." The results in the last manuscript were first reported at
the 115th Meeting of the Acoustical Society of America in Seattle, Washington,
in May 1988."



CHAPTER 2

COMPLEX RAY METHODS FOR ACOUSTIC INTERACTION AT
A FLUID-FLUID INTERFACE

2-1 INTRODUCTION

One of the most basic problems in acoustics is that of the reflection and
transmission of a spherical wave at a plane, fluid-fluid interface. In the case of un-
derwater acoustics, this problem represents an idealized model for the interaction
of a point-source field with the ocean bottom. More specifically, one isovelocity,
constant-density halfspace (water) overlies another (sand, for example). In shal-
low water ocean environments, the lower medium usually has the higher velocity,
which results in the presence of a critical angle in the plane wave reflection coef-
ficient. Plane waves incident on the interface at angles "steeper" than the critical
angle (closer to normal incidence) are partially reflected back into the water and
partially transmitted into the bottom. Plane waves incident on the interface at
angles "shallower" than the critical angle (closer to grazing incidence) are totally
reflected back into the water. When the incident wave is a spherical wave, en-
ergy incident near the critical angle produces a wave that travels parallel to the
interface in the bottom. As it propagates, it continually excites a wave called the
lateral wave or head wave, which travels at the critical angle in the water.

The initial step in the mathematical analysis of the two-fluid model is
to represent the incident, spherical wave as a sum of (integral over) plane waves.
An integral expression for the reflected or transmitted field at a given receiver
point is then ooained by multiplying each plane wave in the integrand by the
appropriate plane wave reflection or transmission coefficient. In the classic work
of Brekhovskikh,5 the author primarily uses the method of steepest descent to
solve the integral. Briefly stated, this method involves finding the saddle point,
deforming the contour of integration into the steepest descent path, and deriving
an approximate solution to the integral. When viewed in terms of rays, the saddle
point corresponds to the angle of the eigenray, a specific ray connecting the source
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and receiver. The major complication it, this analysis arises from the presence of

the critical angle, which in mathematical terms corresponds to a branch point

singularity in the reflection or transmission coefficient. When the saddle point
lies sufficiently close to the critical angle, the usual methods for estimating the

field break down.
Various improvements to the solution in the neighborhood of the critical

angle have been developed. In Sec. 31 of Ref. 5, Brekhovskikh derives expres-
sions for the reflected and lateral wave fields in the vicinity of the critical angle.
Bleistein 6 derives uniform asymptotic expansions for integrals involving station-
ary points near algebraic singularities. In the present case, a saddle point lies
near a branch point of order 1/2. Stickler7 cefines the formulation by allowing
for the possibility that the critical angle is close to grazing incidence. Chin-Bing
and Davis s apply Bleistein's technique to the lateral wave expression and point
out errors in Brekhovskikh's treatment. In all of these investigations, asymptotic
expansions involving parabolic cylinder functions are derived.

In the present work, we wish to develop a method for finding the reflected
and transmitted fields that (1) can be interpreted in terms of rays, (2) is applicable
even at very low frequencies, and (3) can be extended to environments where more
than one interface is present. The above-mentioned asymptotic expansions do not
satisfy these criteria because (1) there is no physical interpretation of the terms
in the expansion, (2) an expansion with a fixed number of terms will fail at a
sufficiently low frequency, and (3) the treatment of multiply reflected fields would
require a rederivation of the asymptotic expansion.

The approach we take in this dissertation is based on the saddle point
method outlined by Brekhovskikh.' In one variation on this method, Brekhovskikh
(Sec. 31.3) allows the phase of the reflection coefficient to influence the location
of the saddle points. The result is a phenomenon commonly referred to as beam

displacement, where totally reflected rays have a horizontal displacement along
the interface before they are reflected back into the water. (Since the term "beam
displacement" originated from the displacement of a beam incident on an interface,
a more appropriate term for the present case would be ray displacement.) In recent
years, the phenomenon of beam displacement has been included in ray theory
calculations, and the resulting method successfully applied to the flat, isovelocity,
penetrable-bottom waveguide (the Pekeris model) 9 ' 1 " and to the sloping-bottom
waveguide. 2

Tie one deticiency in the beam displacement formulation, however, is that
it is not accurate in a certain "transition" region, where eigenray angles are close
to the critical angle. At shorter ranges, the field can be expressed in termis of a
single partially reflected (igenray, arid at longer ranges, the field can be expressed
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as a sum of two separate rays: a totally reflected eigenray and a lateral wave
eigenray. But in the transition region, the field is more complicated and cannot be
expressed as a simple ray field or even as a sum of simple ray fields. In this region
the ray formulation breaks down - it predicts infinite intensity at caustics, points
in space where two rays coalesce into one. Special caustic correction factors'1 2

based on uniform asymptotics are used to attempt to "patch up" the ray solution
in this problematic region.

In the approach developed in this chapter, the key modification is to al-
low the entire reflection coefficient (amplitude as well as phase) to influence the
locations of the saddle points. The result is that the saddle points become, in gen-
eral, complex, corresponding to eigenrays that have complex angles of incidence 0.
In the neighborhood of the critical angle, the saddle point approximation to the
integral still fails. However, in this region we find the exact field by numerically
integrating along the steepest descent path in the complex O-plane. The num-
ber of integration points is made independent of frequency by choosing step sizes
appropriately. In work done concurrently with the present research, Plumpton
and Tindle' 3 formulate an identical complex saddle point criterion for the single
reflection problem and develop improved caustic correction procedures.

The notion of incorporating the reflection and transmission coefficients
into the saddle point formulation is attractive because it allows the full effects
of the interaction with the interface to be included. For example, in the case
of the water-sand interface, our method accounts for the reflected lateral wave
field as well as the evanescent wave field in the bottom. In cases where the total
field is composed of several different ray fields, the individual contributions can
be isolated.

In this chapter we develop our ray method while solving for the reflected
field, and then apply it in a straightforward manner to the transmitted field. In
Sec. 2-2 we derive the plane wave integral for the reflected field. In Sec. 2-3 we
review the method of steepest descent and apply it in the usual way to the reflected
field integral to obtain classical ray theory. In Sec. 2-4 we obtain the complex
ray formulation by including the plane wave reflection coefficient in the saddle
point criterion. The resulting saddle point structure is discussed in Sec. 2-5, and
the technique for evaluating the field is summarized in Sec. 2-6. In Sec. 2-7 we
interpret the saddle point formulation in terms of eigenrays. Section 2-8 contains
the solution for and analysis of the transmitted field. Concluding remarks are
made in Sec. 2-9.
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2-2 PLANE WAVE INTEGRAL REPRESENTATION OF THE RE-
FLECTED FIELD

In this section we derive the plane wave integral representation for the
reflected field. The derivation follows the treatment by Brekhovskikh in Secs. 26
and 28 of Ref. 5. The first step is to express the pressure field from an acoustic
point source in free space as an integral over plane waves. This type of formu-
lation is attractive because the interaction of individual plane waves with planar
interfaces is mathematically tractable and well understood.

We begin with the linear, scalar wave equation for the acoustic pressure
p in a homogeneous medium of sound speed c:

1 a 2p (2-1)2 cat 2

We consider the following solution to Eq. (2-1), which represents the field due to
a harmonic point source at the origin of a Cartesian coordinate system:

ei(kR- .t)

p(x,y,z) = Po eR ' where R = VX2 + y2 + z 2 # 0 (2-2)
R

The quantity Po in Eq. (2-2) is a constant (in units pressure.distance) that gives
the pressure at unit distance from the origin. After substituting Eq. (2-2) into
Eq. (2-1), carrying out the partial derivatives with respect to t, and expressing
the spatial derivatives in Cartesian coordinates, we obtain the scalar Helmholtz
equation

Od2p O92p 0 2pa2P+ 9-p+ k2 p= , (2-3)
IO2 Y2  aZ2

where the wavenumber is defined as k = w/c.
In order to derive a plane wave representation of the spherical wave in

Eq. (2-2), we first write the pressure field in the z = 0 plane as

eikrr where r= X2 +y2:10 (2-4)

In Eq. (2-4), the e-iw time dependence of the field has been suppressed, and, for
conveni. ice, we have taken Po to be unity. We now express the field in the (x, y)
plane as a double Fourier integral over the transform variables (k,, kv):

eikr 00

= A(k,, ky) e~kx+kiy) dkr dky (r # 0) , (2-5)
r if

00O
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where
1 fieskT

A(k.,ky) e(2r)2 r -i(k, '+ )dxdy (2-6)

The integral in Eq. (2-6) is solved by converting from (x,y) coordinates
to polar coordinates (r, 40) and solving the two integrals analytically (see Ref. 5,
pp. 228-229). The result is

A(kxIkv) Z (2-7)
27r k2 - k.2-k2

Using Eqs. (2-5) and (2-7) in Eq. (2-4), we may write the pressure field in the
z = 0 plane as

k2k~k i(k~x+ks, ) dkr dky, (r $ 0) . (2-8)p(x, y) 2 - 7r /k2 0 2 - k2:

-CO 

x Y

We now construct an expression for the spherical wave field off the z = 0
plane by formally multiplying the integrand of Eq. (2-8) by el8k 'Z for ±z > 0:

Zo d xkx=Jz dk, dk z > 0 (2-9)i ~A~x, y, Z) 2 - 7r 2, k k -V e *k z

This "continuation" is valid because the integrand of Eq. (2-9), and therefore p
itself, satisfies the Helmholtz equation (2-3) and reduces to Eq. (2-8) when z = 0.
Substitution of Eq. (2-9) into the Helmholtz equation yields the relation

k2 + k2 + k2 - k 2(2-10)

Recognizing the radical in Eq. (2--9) to be

k, = /k-kl-k , (2-li)

we may rewrite the expression for the spherical wave

p(x, y, z) = e9'kR J i i(krx + ky y+ k,' ) dkr dkY Z > 0 (2 12)
- "I

Th' Vxi)onential t ermi in Eq. (2 12) re)resetls a plane wave whose fi

rection is given by the threv wave nmmibers A ., kyl and k,, the last of which Is
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dependent on the first two by way of Eq. (2-11) (see Fig. 2-1). Each point in
the (ks, k.) plane can be viewed as representing a plane wave that contributes to
the spherical wave representation in Eq. (2-12). The fraction in the integrand
of Eq. (2-12) can be viewed as a weighting function for each plane wave. Points
inside the circle of radius k in the (k,, k,) plane correspond to the usual, propa-
gating (homogeneous) plane waves since, by Eq. (2-11), k. is real. Points outside
the circle correspond to "inhomogeneous" plane waves, for which k. is imagi-
nary. By substituting a positive imaginary value for k. into the plane wave form
ei(kzx+ky+k~z), it can be seen that inhomogeneous plane waves are attenuated in
the positive z-direction. The inclusion of the inhomogeneous plane waves is nec-
essary to mathematically complete the description of the spherical wave in terms
of plane waves.

kz

o

kxk I k sin 0 do~

k cos 0dO

Figure 2-1 CHANGE OF VARIABLE FROM RECTANGULAR COORDINATES (kJ,) TO POLAR

COORDINATES (k,0,-0). THE DIFFERENTIAL ELEMENT OF AREA IN THE (k,ky) PLANE IS

SHOWN.

We now convert the wave number coordinates from rectangular (k,, ky, k,)
to polar (k, 0, 0') by way of the relations

k, = ksin0cos5

ky = ksin0sino (2-13)

k, = k cos 0
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These relations are shown graphically in Fig. 2-1. From Fig. 2-1, the differential
element of area dk dk, transforms to

dk, dk, +-+ (ksin0d)(kcos0dO) , (2---14)

where the first term reflects the 0-dependence and the second term the 9-depend-
ence. To cover the whole (kr, k,,) plane, 0/ must vary from 0 to 27r. The inside of
the circle of radius k is covered when 0 varies from 0 to 7r/2, while the outside of
the circle is covered when 0 varies from 7r/2 to ir/2-ioo. The imaginary part of 0 is
chosen to go from 0 to -ioo in order to make the amplitudes of the inhomogeneous
plane waves in the integrand of Eq. (2-12) exponentially decreasing rather thall
increasing, which can be seen by writing

k, = kcos0 = kcos(OR + iO) = k(cosORcoshO -isinORsinh0l) (2 15)

For 9, negative, Im[k=] is positive, and ei k z represents anl exponentially decreas-
ing amplitude. Introducing the change of variables given by Eqs. (2-13) into
Eq. (2-12) results in

p(x, y, z) = -.i 2=QJ=2 ei(kxz+kyyJ+kz) sin0do dO z > 0 , (2-16)

where the dependence of k,, k., and k, on 0 and 0 is summarized in Eqs. (2-13).
We consider now a point source S at coordinates (0,0, z,), located a dis-

tance z, above a plane interface separating two fluid media with sound speeds c
and cl, densities p and pi, and wave numbers k and kj, respectively (see Fig. 2-2).
The field at a given receiver R at horizontal range r = V'P+TY and height z'
above the interface is composed of a direct path contribution and a reflected con-
tribution. The reflected pressure field p(r, zt) at R is constructed by multiplying
each of the plane waves in the integrand of Eq. (2-16) by the plane wave reflection
coefficient V(O) and by taking into account the total vertical distance zt = z' + z,
each plane wave must travel:

p(r, zj) = ., ei(kx+k~y +k zt) V(O) sin Odo dO (2 17)

The plane wave (Rayleigh) reflection coefficient for the fluid-fluid interface is

V () ?m cos 0 - .1- sin 0(218)
? Cos 0 + V4'7 2 - sin 2 0

where
1= c/c, , in = pI/p (2 -19)
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Figure 2-2 GEOMETRY FOR THE REFLECTED FIELD.

The critical angle introduced by V(O) is defined as

0cr = arcsin(c/c,) = arcsin(n) (2-20)

The "ntegral over 0 in Eq. (2-17) can be performed analytically by sub-
stituting for k, and ky from Eqs. (2-13) and expressing the receiver coordinates
x and y in terms of polar coordinates r and 01:

x = rcos 0 1  y=rsino1  (2-21)

The result is
4 f2jr e;i(k,z+ky Y) dOb

f 2= eikrsin(cos 01 coo. +sin 01 sin ) dO

002jr eikrsin9[cos.( _0- )) d6

= 27rJo(krsinO) (2-22)

Introducing this result in Eq. (2-17), we obtain

p(r, zt) = ik [ Jo(kr sin 0) eikz, coo V (O) sin O dO (2-23)
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Equation (2-23) is an exact representation of the reflected pressure field.
However, in order to apply the method of steepest descent, we need to manipulate
the integral once more. We use the following identity 4 for the Bessel function:

Jo(u) = (1/2) [Ho')(u) + Ho2 (u)]
= (1/2) [H00)(u) - H0,)(-u)] (2-24)

where H(1) and H0(2) are Hankel functions of the first and second kind, respec-
tively, of order zero. After substituting Eq. (2-24) into Eq. (2-23), we obtain two

integrals in terms of Ho ). A change of variable from 0 to -0 is then introduced
into the second of the two integrals. Since V(9) and cos 0 are even functions and
sin# is an odd function, the resulting integrand is the same as that of the first in-
tegral, but the integration runs from -?r/2 + ioo to 0. Therefore the two integrals
may be added together by simply combining the limits of integration:

p(rz k = - HJ'o)(krsin9)ekco V(O) sin O dO (2-25)

The contour of integration in the complex 0-planc is shown in Fig. 2-3.
The first approximation introduced into Brekhovskikh's analysis is the

use of the asymptotic expansion for the Hankel function
H(n) ) ,-n 0)2 e- iir/4 eikr sin (2-26)

0 r i;rkr sin 0

Substituting for the Hankel function in Eq. (2-25), we obtain

p(r, z k) = eT 0-i eskirnie+z cos) V(9) idO (2-27)

valid for large kr sin 0. Although the contour of integration for Eq. (2-27) passes
through 0 = 0, where the above condition clearly is not satisfied, we shall see in
Sec. 2-5 that in the application of the method of steepest descent, the contour of
integration is deformed in such a way that it does not pass through 0 = 0. The
condition of large kr sin 0 is also not satisfied at short ranges r; this issue will be
discussed in Sec. 2-7.2.

Recognizing from Fig. 2-2 that r = R, sin 0o and zt = R, cos 00, we may
write the reflected pressure field as

k , o 'O kR cos(O-Oo) V(O) Vido(2-28)
p(Oo, RI) = ' J e(

2w +ih|l.I OO
/
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where the receiver position is now specified by the incident angle 00 and the
distance R, from the image source (see Fig. 2-2). Equation (2-28), finally, is
the correct form of the integral for application of the method of steepest descent,
which will be described next.

2-3 THE METHOD OF STEEPEST DESCENT

2-3.1 General formulation

The method of steepest descent (see Ref. 5, Sec. 27) is used to approxi-
mate integrals of the form

I ePf(#)F(O)dO , (2-29)

where C is a general contour in the complex 9-plane, p (unrelated to the density

in m) is real, and f(O) and F(O) are analytic functions of the complex variable
0." The method of steepest descent consists of three basic steps: (1) finding one
or more saddle points, (2) deforming the path of integratioa into the steepest
descent path(s), and (3) estimating the value of the integral. Saddle points are
important because they mark particular regions of the complex 0-plane where the
integrand makes a distinct contribution to the integral. The path of integration is
deformed into the path of steepest descent (which, by definition, passes through
the saddle point) because the contribution to the integral is made over a relatively
short interval. To obtain an estimate of the integral, the integrand is replaced
by its Taylor series expansion about the saddle point, and the simpler integral
that results is then performed analytically. In our applications of the method of
steepest descent to acoustic field integrals, we find that saddle points represent
eigenray angles.

Saddle points, which we will call - throughout this work, are defined by
the criterion

f'(0) = 0 at0=y , (2-30)

where prime indicates differentiation with respect to 0. Expressing the phase
function f in terms of its real and imaginary parts

f(O) = fR(0) + ifh(0) , (2-31)

we define the steepest descent path as the path in the complex 0-plane that passes

through the saddle point -y. and along which fR decreases most rapidly. By the

*We will often refer to f(O) as the "phase function," with the understanding that it is actually
related to the phase of the exponential by the constant factor i/p.
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properties of the real and imaginary parts of an analytic function, f, remains
constant along the path of steepest descent of fR. Since

CORO) = ePfR(O) e;i""(e) , (2-32)

we see that along the steepest descent path the amplitude of the exponential de-
creases rapidly as one moves away from the saddle point, while the phase remains
constant. Mathematically, the steepest descent path is defined by

f(O) = f(Y) -s' , (2-33)

where s is a real number that parameterizes the path.

To obtain an approximation to the integral, we equate a Taylor series
expansion for f(O) about the saddle point - to the steepest descent path definition
in Eq. (2-33):

f(O) = (_) -_$

= f(b) + f'(by)(0 - -) + 2f"(y)( 0 
- Y)2 + " (2-34)

2

where the sec nd term in the Taylor series is zero due to the saddle point definition
Eq. (2-30). Keeping only the terms shown and solving for s in terms of 0, we
obtain the change of variable

= (0 - Y) (2-35)

s 2

The change of variable in Eq. (2-29) yields

2 J - F(s) ds (2-36)1 = _ f,,) oo

Note that the integrand is small at all values of s except in the neighborhood of
s = 0. If we assume F(s) is slowly varying in this neighborhood, F(s = 0) = F(-Y)
can be brought outside the integral, leaving only the definite integral

J e - '2 ds = . (2-37)

The first order saddle point approximation to the integral is, then,

2i c-( (Y) (2-38)
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The correct sign of the square root in Eq. (2-38) is fouid by considering Eq. (2-35)
and verifying that a is positive in the forward direction of integration from the
saddle point. In the case at hand, the real part of the radical should be positive.
Brekhovskikh derives higher order approximations in Sec. 27 of Ref. 5. Additional
terms include factors of p- 1 , p-,, and so forth.

2-3.2 Classical ray theory

A straightforward application of the method of steepest descent to the
integral for the reflected field in Eq. (2-28) yields a result consistent with classical
ray theory. In terms of the parameters given in Eq. (2-29), we rewrite Eq. (2-28)

p(0O,R,) = . e'T expjkR.J[icos(O - Oo).} V(O) ,i dO

f (e) F(e)
(2-39)

where

p = kRj (2-40a)
f(O) = icos(O-Oo) (2-40b)

F(O) = V(O) V-i .nO (2-40c)

Upon setting f'(-y) = -isin(-, - 0o) = 0, we find the saddle point to be -y =
0o. Using the saddle point approximation in Eq. (2-38) and recalling that r =
R, sin 00, we write the reflected pressure field

p(Oo, Ri) = 0oe i 27r ikR1 V(0.) sinG0
eirr kRe

= V( 0) --- , (2-41)

which represents the field due to a point source at the image S' (see Fig. 2-2),
whose strength is multiplied by the factor V(Oo). This solution expresses the
reflected field in terms of spherically spreading rays that emanate from the (ac-
tual) source S and specularly reflect from the interface, acquiring the plane wave
reflection coefficient factor V(Oo) in the process.

Comparisons between classical ray theory [Eq. (2-41)] and the exact so-
lution [obtained by numerically integrating Eq. (2-23)] at various frequencies are
shown in Fig. 2-4. The interface, typical of a water-sand interface, is characterized
by n = 0.866 (0, = 60.00) and m = 1.67. The vertical axis is the magnitude of
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the reflected pressure field in decibels (dB), where 0 dB corres)onds to the filid
at unit distance from a point, source in free space. The field ill Fig. 2-4 ha- s beell
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location by giving the angle of incidence 0o fron the image source, where :, in
wavelengths A is constant for each plot,. Note that, th( classical ray resull, does not
inclu(le tll(' oscillations in the exact field at inIcideit angles larger than| critical.
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2-4 COMPLEX RAY FORMULATION

2-4.1 Rearrangement of the integral

In a variation on the method of steepest descent (Sec. 31.3, Ref. 5),
Brekhovskikh allows the phase of the reflection coefficient to influence the locations
of the saddle points. Expressing V in terms of its magnitude IVI and phase 4,
we may write Eq. (2-28)

p(Oo, RI)= e V(0) j -v dO (2-42)

The phase function in the exponent of Eq. (2-29) is now

f(O) = i cos(0 -00)+ 0-1-fv(0) , (2-43)

and the saddle point criterion is

f'(O) = -isin(0 -0o) + -R (= 0 at 0 = (2-44)

This formulation results in saddle points on the real axis, each of which corre-
sponds to the angle of the eigenray that starts at the source and passes through
the receiver. It is the formulation used in Refs. 9-11.

In the present work, we take Brekhovskikh's variation one step further
by allowing both the amplitude and phase of the reflection coefficient to affect the
saddle point location.* To do this we express

V(O) = e InV(8) (2-45)

and rewrite Eq. (2-28)

p(Oo, R,) j(2e r " / ekRI[icos(O-0o)+ InV(O) / do (2-46)- 7 r t .- +ioo

*A careful reading of Sec. 31.3 of Ref. 5 suggests that Brekhovskikh may have intended just
this step. Ile sets V(O) = cid# (e) and states that "the phase coefficient of reflection can be
a complex function." However, he does not consider complex saddle points, and later in the
section he applies this formulation only to the case of total reflection, writing the phase 0. as a
real quantity.
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where the associations with Eq. (2-29) are now

p = kR (2-47a)

f(O) = t cos(0-0o) + IIn V(O) (2-47b)
kR,

F() = -in(2-47c)

The saddle point criterion is

f'(0) = -i sin(0 - o) + R V() = 0 at = , (2-48)
kR1 V(O)

and the second derivative f", which is needed for the saddle point approximation
Eq. (2-38), is

f"(O) = -i cos(0 - 00) + VV (V)2  (2-49)
+ TR-i V2

The result of the rearrangement of the plane wave integral and reformulation of
the saddle point criterion is that the saddle points -y are, in general, located at
complex values of 0. The motivation for incorporating V(O) into f(O) is that we
want the saddle point criterion Eq. (2-48) to include the complicated effects that
the reflection process introduces.

The saddle point approximation to the integral for the reflected field in
Eq. (2-46) is obtained by substituting the appropriate quantities into Eq. (2-38).
After simplification, we obtain

s inf" () V(Y) eikRI cosv-e° ) (2-50)
P~O,4I= r iRjf"(,) V

where f" is given in Eq. (2-49).

2-4.2 Branch cuts in V(O)

The dependence of the plane wave reflection coefficient V on incident
angle 0 is what makes the reflected field much more complicated than the simple
classical ray theory result in Eq. (2--41). In particular, the square root term

q(0) v iin7 = -F() in Eq. (2-18) for V(O) introluces branch points and
branch cuts in the complex 0-plane. Branch points lie at values of 0 for which the
radicand 4 is zero. It is easy to see that the branch points lie at

0 = ±arcsin(n) = ± , (251)
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where 9, is the critical angle. The branch cuts are chosen to be along lines
for which 4(0) lies on the positive real axis. This imposes the following two
requirements:

Re[4(0)] = n - n' - (sin 2 0 R cosh 2 0t - cos2 0 R sinh 2 01) > 0 (2-52a)

Im[4(O)] = 2(nRn, + Sin OR cos OR sinh O cosh 01) = 0 , (2-52b)

where, to allow for the possibility of attenuation in either medium, the index of
refraction is written as the complex number n = nR + in1 . For the case of no
attenuation (n, = 0), solution of Eqs. (2-52a) and (2-52b) for 0 results in the
branch cuts shown in Fig. 2-3.

Since the square root operator is double valued, the evaluation of V(O)
introduces two Riemann sheets, where

Imfq(0)J f> 0 on the upper Riemann sheet (2-53)

I < 0 on the lower Riemann sheet

The branch cuts are significant in our problem because in order to keep the func-
tion q(O) [and therefore V(0)] continuous, one must change Riemann sheets when
an integration path crosses a branch cut.

The contour of integration for the reflected field integral Eq. (2-46) begins
on the upper Riemann sheet at 0 = -7r/2 + ioo and ends on the upper Riemann
sheet at 0 = 7r/2 - ioo. By Cauchy's theorem the original contour may be de-
formed into the steepest descent path as long as no singularities are crossed in
the deformation and the path starts and ends on the correct sheets at the correct
points. Therefore, when applying the method of steepest descent, it is essential to
verify that the deformed path of integration, which may cross the branch cuts one
or more times, is equivalent to the original contour. When the steepest descent
path of a saddle point ends on the wrong sheet, we must locate another saddle
point whose path completes the required contour.

2-5 SADDLE POINT STRUCTURE OF THE REFLECTED FIELD

The saddle points and steepest descent paths for the reflected field along
a horizontal line are shown in Fig. 2-5. The interface is characterized by 0Or = 600
and m = 1.67. The source-receiver geometry is characterized by zt = 5A, and 00 is
varied from 500 to 800 in increments of 2.50. The saddle point angles -y [obtained
by numerically solving Eq. (2-48)) as a function of receiver position (given by 0o)
are indicated by the bold dots. Each saddle point represents the angle at which
an eigenray arrives at the receiver. The physical picture of the eigenray paths for
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both the reflected and transmitted fields is shown in Fig. 2-6. For small 0o (short
ranges) the field is made up of a single partially reflected eigenray. For large 0o
(long ranges) the field is made up of a totally reflected eigenray plus a lateral wave
eigenay. The orig;n of the lateral wave will be discussed shortly.

REFLECTED FIELD
PARTIALLY REFLECTED LATERAL WAVE

EIGENRAY EIGENRAY
S TOTALLY REFLECTE

EIGENRAYSY

RAY BUNDLE

LATERAL WAVE

EVANESCENT FIELD
TRANSMITTED EIGENRAY

EIGENRAYS

TRANSMITTED FIELD
Figure 2-6 EIGENRAY PICTURE FOR THE REFLECTED FIELD IN THE UPPER MEDIUM (SEE

SEC. 2-5) AND TRANSMITTED FIELD IN THE LOWER MEDIUM (SEE SEC. 2-8.2).

Recall that classical ray theory predicts saddle points to lie at 0- 0o.
However, from Fig. 2-5 we see that saddle points of the partially reflected eigenrays
are complex, lying slightly below and to the left of 0o, and that saddle points of the
totally reflected eigenrays lie on the real 0-axis, but at angles noticeably smaller
than 0 0. In Sec. 2-7 we will see that these shifts in eigenray angle away from 0o are
due to displacements in the ray trajectories along the interface upon reflection,
as shown in Fig. 2-6. Finally, saddle points of the lateral wave eigenrays lie next
to the critical angle. As the horizontal range to the receiver increases, the lateral
wave saddle points move closer and closer to the critical angle. There are 6 lateral
wave ray saddle points in Fig. 2-5 (to match the 6 totally reflected ray saddle
points), but since they all lie very close to 0cr, it is not possible to draw them
distinctly.

Steepest descent paths are shown for the saddle points in the region of
the critical angle.* The paths of the first seven saddle points, corresponding to

*The paths drawn in Fig. 2--5 are those along which the numerical integration technique,
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partially reflected eigenrays, cross the branch cut on the real 0-axis. Since these
paths cross the branch cut again on the positive imaginary axis (see inset of
Fig. 2-5), they begin on the correct (upper) Riemann sheet and thereby complete
the required contour. However, the path of the first totally reflected eigenray,
for the receiver at 00 = 67.50, does not cross the branch cut on the real axis, so
it begins on the wrong (lower) Riemann sheet.t At this point it is necessary to
seek an additional saddle point [an additional root of Eq. (2-48)] whose steepest
descent path completes the contour. Such a saddle point is found on the real 0-axis
close to the branch point Ocr = 600. The saddle point represents the contribution
from the lateral wave, and its steepest descent path loops around the branch point
such that it starts on the upper Riemann sheet and ends on the lower Riemann
sheet (see inset of Fig. 2-5). Thus, when the lateral wave ray and totally reflected
ray are added together, their integration paths complete the required contour.

The physical interpretation of the lateral wave, illustrated in Fig. 2-6,
is well known (see, for example, Sec. 30.2 of Ref. 5). It is generated by energy
incident on the interface in the region of the critical angle. Some of this energy
penetrates into the bottom and travels almost parallel to the interface at the
bottom sound speed. Since the pressure across the interface must be continuous,
the horizontally traveling energy in the bottom continuously excites a wave, the
lateral wave, that travels at the critical angle in the water. The lateral wave
arrives at all receivers that lie beyond a certain range from the source, and its
wavefronts are conical about the S-S' axis in Fig. 2-6.

The transition from a field composed of one saddle point at a complex
angle (representing a partially reflected eigenray) to a field composed of two saddle
points at real angles (representing the totally reflected eigenray and the lateral
wave eigenray) occurs at a ray theory caustic. Caustics, which can be caused by
the bending of rays as they are continuously refracted by a sound speed gradient
in the medium, are points in space where two rays coalesce into one. In the present
case, the caustic is caused by the reflection process, where two separate rays are
formed upon reflection. When only considering rays with real angles, the caustic
is the transition point between the shadow zone, into which no rays penetrate,
and the insonified zone, where two rays arrive at every point. Mathematically,
caustics are defined as saddle points [f'(y) = 01 at which f"(y) = 0.

In Fig. 2-5 the caustic saddle point is recognized as the point where the
totally reflected rays merge with the lateral wave rays (yc ; 620). The location

described in Sec. 2-6, is performed.
tAIthough the transition from total to partial reflection is, in reality, a gradual process, we

use this criterion of steepest descent paths crossing, or not crossing, the branch cut to distinguish
between partially and totally reflected rays.
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of the caustic in physical space is given by zi = 5A and 0o - 66.50 (obtained by
interpolating between the value of o = 650 for the last partially reflected ray
shown and 0 = 67.50 for the first totally reflected ray shown). Since f"(-) = 0,
the saddle point approximation for the field given by Eq. (2-50) is infinite at the
caustic. In the following subsection we summarize our method for finding the field
in such regions where Eq. (2-50) is invalid.

Attenuation in the bottom can be included by introducing an imaginary
part to the sound speed cl.* As a result, the index of refraction n = c/c in
Eq. (2-18) is complex, the critical angle 0, = arcsin(n) acquires a positive imag-
inary part, and the saddle points are shifted. Figure 2-7 is the same as Fig. 2-5,
except the lower medium has an attenuation of adB=0.5 dB/A. Notice that in this
case there is a smooth transition between the partially reflected and the totally
reflected ray saddle points. Since there is no receiver location where two saddle
points coalesce into one, there is no caustic. The lateral wave saddle points have
followed 0, (the branch point) off the real axis, and the corresponding eigenrays
suffer attenuation as they travel along the interface in the bottom. The totally
reflected ray saddle points have a small negative imaginary part, and the eigenrays
are attenuated to a lesser degree.

2-6 COMPUTATION OF THE EIGENRAY FIELD

The saddle point approximation in Eq. (2-50) is based on the assumption
that, in the neighborhood of y, the phase function f(0) is quadratic and the
steepest descent path is a straight line in the complex 0-plane. But this assumption
is invalid when there is significant curvature in the steepest descent path (see, for
example, Fig. 2-5). At the caustic itself, Eq. (2-50) predicts an infinite eigenray
magnitude.

One way to find the correct field in the caustic region would be to apply
caustic corrections that are based on uniform asymptotic expansions."l ", 6 However
this approach is not attractive for several reasons. First, it is difficult to smoothly
join the shadow-zone field with the field due to the partially reflected rays. Second,
the asymptotic expansions become extremely cumbersome as one is forced to
include higher order terms. In our case, low frequencies and the proximity of the
caustic to the singularity at the critical angle would make the calculation of higher
order terms necessary.

'rhis procedure is summarized in Sec. A8.4 of Ref. 15. We define a complex sound speed
c = CR + icl. For small attenuations, we set the imaginary part cl = -[(in 1O)/(401r)]cRadB,
where cR is the usual (real) sound speed and adB is the attenuation in the medium in units
db/A.
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To find the eigenray field for saddle points in the region of the critical
angle we simply integrate numerically along the steepest descent path. The ad-
vantages of this technique are that it works at any frequency, it can be used to
determine when more than one saddle point must be found, and it can be applied
to any integrand for which the phase function f and its derivatives f' and f" can
be computed.

Points along the steepest descent path are found sequentially, working
away from the saddle point in one direction, then the other. The procedure is to
determine desired values of f along the path, and then use a Taylor series for f
to obtain an initial guess for each successive 0 point on the path. The first-order
Taylor series at the previous point Op on the steepest descent path is

f(0) --" f(Or) + fl(OP) (-OP) (2-54)

Given a desired value of f(0) at the next point on the path, fd, the initial guess,
0., is obtained by solving Eq. (2-54):

09 = Op + [fd - f(O) ] /f'(Or ) . (2-55)

At the saddle point itself, Op = -, and f'(0) = 0, so a second-order Taylor expan-
sion is needed. The result is

09 y 2[fd-f(y)J/f"(y) , (2-56)

where the real part of the square root term is chosen to be positive in the forward
direction of integration and negative in the opposite direction.

The remaining question is how to choose the desired values fd. The
imaginary part of fd must be held constant at fi('y), the value at the saddle point,
in order to keep the phase of the exponential constant at pf(-Y) [see Eq. (2-32)].
The real part of fd is chosen so as to sample the amplitude of the exponential factor
at desired levels, referenced to the maximum of A,,a, = ePIR(I) at the saddle point.
For example, if the first sample away from the saddle point is desired to have an
amplitude of 0.99Aa, then we would set

Re[/f4 = fR(-y) + ln(.99)/p (2-57)

The desired levels at which to sample the amplitude factor are chosen so that a
linear interpolation between samples gives a good approximation to a Gaussian,
the approximate shape of the amplitude function along the steepest descent path.
We use a total of 37 sample points in the numerical integration, resulting in an
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error in the pressure field on the order of ±0.01 dB. The end points of the inte-
gration paths drawn in Figs. 2-5 and 2-7 are determined by the criterion that the
exponential factor have an amplitude of 0.005Ama there. The integration algo-
rithm must include special provisions for sections of paths that change direction
rapidly, such as those associated with the lateral wave, which loop tightly around
the critical angle.

The results using numerical integration along the steepest descent path
for the cases in Fig. 2-4 are indistinguishable from the exact results shown. For the
case of Zt = 5A, the steepest descent method is approximately twice as efficient as
the direct numerical integration of Eq. (2-23). However, the latter requires more
sample points as the frequency is increased, while the number of sample points
for the steepest descent method is independent of frequency. When the saddle
point approximation can be used instead of steepest descent path integration, the
efficiency of computing the field improves greatly.

It is difficult to determine from the saddle point characteristics alone how
accurate the saddle point approximation is in a particular case. The method we
employ is to begin in the area where the approximation is the poorest, the region
of the critical angle, and work away from it in both directions. At each point
we compare the result. from steepest-descent integration with the saddle point
approximation. When the latter is sufficiently close to the "exact" answer, we
do not need to perform the numerical integration for any more receivers in that
direction.

The accuracy of the method of numerically integrating along the path of
steepest descent begins to deteriorate only when the frequency becomes extremely
low. For zt = 1A, the steepest descent method differs from the exact solution
[obtained by numerical integation of Eq. (2-23)] by less than 0.1 dB at all angles.
For zt < 0.5A, we find that, instead of proceeding directly to the end point of the
integration path at 7r/2 - ioo, the steepest descent paths can end at the angle of
intromission, O,,,, where V(Oim) = 0 and Re[f] approaches -oo. For the interface
considered in Fig. 2-5, Oin = 900 - i21. In such cases, another saddle point that
lies near Oim must be found. Its steepest descent path begins at Oim and ends in the
correct direction, thus completing the contour of integration. In Sec. 2-8.2 and
Fig. 2-12 we encounter a similar phenomenon for the transmission case, caused
by the fact that the transmission coefficient is zero at a particular angle.
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2-7 GEOMETRIC INTERPRETATION

2-7.1 Derivation of eigenray characteristics

One of the most attractive features of the saddle point approach is that
the mathematical solution car. be interpreted in terms of intuitive ray quantities,
such as the path of propagation, the geometric spreading loss, the reflection loss,
and the travel time. By moving the reflection coefficient V(O) into the phase
function f in Eq. (2-46), we have incorporated the reflection process into the
calculation of these ray characteristics.

The geometric interpretation of the ray path is shown in Fig. 2-8. The
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eigenray at angle -y is traced from the source S to the interface at A and backward
from the receiver R to the interface at B. The resulting ray displacement AB is
defined as A\. Although the angle -y is, in general, complex, we can only draw
it as a real angle. In cases where -y is complex, we inust use trigonometric func-
tions defined for complex arguments in the derivations that follow. The physical

NEW_
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interpretation of eigenrays with complex angles will be discussed in Sec. 2-7.3.
We begin by deriving the general form for the ray displacement A. Using

the geometrical relation

sin(y - 0o) = -'T'/R = -A cos -y/R (2-58)

in the saddle point criterion
-- V----= 0 ,(2-59)

f'(-y) = -i sin(-y - Oo) + kR1 V(=) 5

we obtain
A(y) = i V'() (2-60)

k cos Y V(Y)

Equation (2-60) reduces to Brekhovskikh's result in Eq. 31.30 of Ref. 5 for the
special case where -y is real and IVI = I (total reflection). In this case, A -
-40'/(kcos7-), where 0,, is the pFhase of V.

We can convert the saddle point criterion Eq. (2-59) to an eigenray equa-
tion by (1) substituting for V'/V in terms of A, (2) expanding the sin(y - 0o)
term, and (3) using the geometric relations R, sin 0o = r and R, cos 00 = z, + Zr:

f'(-y) = -i(sin - cos Oo - sin Oo cosy) + I (-ikA cos -y) = 0

cos',f'(-) = R, cos00tan- R, sin00 + A (2-61)
Cos -f

0 = (ztany+A+ztan'y) -r (2-62)

By Fig. 2-8, we interpret Eq. (2-62) as the eigenray equation

r = r,(-) + A(7) + r2(7) . (2-63)

Equation (2-63) gives the horizontal range r covered by a ray launched at complex
angle 7. Note that any of the three intermediate range terms r,, A, and r2 shown
in Fig. 2-8 may be complex, but their sum must be the real quantity r.

Upon using the geometric relation (see Fig. 2-8)

R, cos(7- )= DT + _B + YR' = "-A_ + A sin y + BR (2-64)

for the phase factor in the saddle point approximation Eq. (2-50), we obtain the
reflected field in terms of eigenray characteristics:

p(-o, R) = sn-y V(-y) exp[i k," + A sin -t + R--)Jp(Oo, ~ R,) I, f" (7) .- ,

~ reflection ray path phase 4Go Go loss

(2-65)
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The factors G, and Go are geometric spreading factors and will be described in
detail in the next section. The reflection loss factor in Eq. (2-65) is just the plane
wave coefficient. The ray path phase 0 shows that the ray travels along segments
3A and W at the water sound speed c, but along the interface at the speed

cA = c/siny . (2-66)

Thus, lateral wave rays (see Sec. 2-5), for which sin -t ; sin 0,.r = c/cl, travel tile
distance A along the interface at the bottom sound speed, while rays at grazing
incidence, -y = 900, travel at the water sound speed. Totally reflected rays, for
which 0Or < - < 90', travel at speeds somewhere between c and cl.

2-7.2 Analysis of the geometric spreading factors

The first two factors in Eq. (2-65), GO and Go, are the geometric spread-
ing factors in the two orthogonal directions k and 0 shown in Fig. 2-1. The
spreading of a ray bundle in the 0-direction is illustrated in Fig. 2-9(a), which
is drawn in the plane of incidence of the ray (the plane containing the ray and
the normal to the interface). The bundle has width AO and is centered about
the eigenray angle -y. Its cross section at the receiver is r'(Y) cos 7A0, where r'
is the derivative of r in Eq. (2-63) with respect to y. Since the geometric loss is
inversely proportional to the square root of the variation in the cross section of
the bundle, we expect Go = '7/r'('Y) cos 7. This is indeed equivalent to the ex-
pression in Eq. (2-65) because differentiation of Eq. (2-61) results in the relation
zilf"(-) = r'() cos -. Carrying out the differentiation, one can express

Go (2-67)Go= r(t) cos -t = F7=+ A' -cos At + _B'R267

where

A VVos " - (r) 2 + A tan7 (2-68)
k cos- V 2

Near the caustic Eq. (2-67) is invalid because r' approaches zero, and Go therefore
approaches infinity. In this case, the exact field p must be obtained by numerical
integration ,along the steepest descent path. If desired, the value of Go may be
obtained by rearranging Eq. (2--65):

p(Oo, !? )
( V(-y) exp(i4) (2-69)
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The spreading of a ray bundle in the 4-direction is illustrated in Fig.
2-9(b). A ray bundle of angular width AO4, when projected on the plane of the
interface, has angular width AO/sin 7. Cylindrical symmetry dictates that tle
center of curvature of the various portions of the ray path lie on the line through
the source S and perpendicular to the interface. Thus, the (linear) cross section
of the bundle at the receiver is simply rAO/ sin -. In terms of the path lengths
along each segment of the ray trajectory, Gs can be expressed as

G,- r7 _ 1(2-70)
r-

Note that when the reflection coefficient is not a function of incident angle, A = 0

and Go = Gs = il/R 1 . In such a case, the classical ray result Eq. (2-4 1) is exact.
At this point it is worthwhile to recognize the origin of the spreading loss

factor G,. The spreading in the 4-direction can be traced back to the change
of variable in Eq. (2-14). The first factor on the right hand side of Eq. (2-14)
accounted for the 4-spreading and introduced the sin 0 factor inside the double
integral of Eq. (2-16). The integral over 4 eventually resulted in the Ilankel
function factor in Eq. (2-25), which was then replaced by its asymptotic form in
Eq. (2-26). Combination of the asymptotic form of the Hankel function with the

sin 0 factor resulted in the factor sin 0r.
When viewed geometrically as in Fig. 2-9, it makes sense to separate the

spreading factors in the two independent directions. This is achieved by evaluating

the 4-spreading factor Go = sin O/r at the saddle point 7 and taking it outside

the integral over 0 in Eq. (2-46), which accounts for the 0-spreading factor Go.
With the Gs factor removed, the Hankel function approximation (krsin0 not
small) no longer causes errors at short ranges and low frequencies. As we shall
see in Chapter 3, separation of the two spreading factors in this way enables
our basic method for evaluating the field to be extended to more complicated
environments, where ray paths may have multiple reflections at possibly different
angles of incidence.

2-7.3 Interpretation of complex eigenrays

As we have seen, saddle points, and therefore eigenray angles, can be
complex. When -y is complex, the eigenray characteristics in Eq. (2-65) have non-
zero imaginary parts that may not have a clear physical interpretation. When
saddle points are complex due to attenuation in one or both media, as is the
case for the saddle points representing the totally reflected and lateral wave rays
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in Fig. 2-7, the imaginary parts of the eigenray characteristics may be viewed
as simply accounting for the attenuation along the eigenray paths. However,
even with no attenuation, partially reflected eigenray angles have small imaginary
parts, as seen in Fig. 2-5. The largest imaginary parts of -/ occur at receivers near
0 = 0. The significance of the complex saddle points in this region is that the

field does not behave like a simple (classical ray theory) ray fieid there. At lower
frequencies (source and receiver closer to the interface in terms of wavelengths) the
field in this region behaves less like a simple ray field, and the imaginary parts of
the saddle points -y are correspondingly larger. Although we can assign no simple
physical interpretation to complex-valued eigenray characteristics, we can deduce
the approximate path of the energy the "ray" represents from the real part of the
eigenray angle.

The possibility of complex-valued saddle points makes the process of "ray
tracing" more difficult. An eigenray with a complex angle begins and ends in
real space at the source and receiver, respectively, but otherwise travels through
complex-valued spatial coordinates. Thus, in regions where eigenrays are complex,
we may not use the usual practice of launching a series of real rays and tracing
them through real space.

2-8 THE TRANSMITTED FIELD IN THE BOTTOM

In this section we solve for the transmitted field in the bottom using the
same method used for the reflected field. After developing the plane wave integral
for the field in the bottom, we summarize the saddle point structure and interpret
the field in terms of eigenray characteristics.

2-8.1 Integral representation of the transmitted field

The derivation of the plane wave integral for the field at a point in the
bottom begins with the representation of the spherical wave in Eq. (2-16). A
plane wave incident on the interface at angle 0 is transmitted into the bottom at
angle 01 according to Snell's law

sin 01 = sin 0/n (2-71)

Figure 2-14 shows the geometrical configuration of the source and receiver. We
express distances in the bottom as well as in the water in terms of the wavelength
A in the water.

The pressure field in the bottom is constructed by multiplying each plane
wave in the integrand of Eq. (2-16) by the transmission coefficient W(0) and by
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Following the derivation for the reflection case, we perform the integration over
analytically, with the result

p(r,z,, z,) = 1k jT Jo(kr sin 0) ei(kz+k~z) W(0) sin 0 d0 (2-74)

Next, we express the Bessel function in terms of Hankel functions and use the
asymptotic form of the lankel function. Finally, after rearrangemenit such that
W(0) appears in the phase function, we obtain

(0RiZ 7)2,re f expIk RI [i cos( - 00) - -j~(cos 0 - ncos 0)

+ I-I nW (0)]}' V _dO (2-75)
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The integration contour and branch cuts are the same as for the reflection case
in Fig. 2-3. The choice of 2he RPiemann sheet [see Eq. (2 53)] applies to the term
n cos 0, = V/n2 - sin2 0- q in the exponent of Eq. (2 -75) and in W(O). Note that
the transmitted field depends on z, as well as 00 and R 1.

The phase function in the transmitted field integral Eq. (2-75) is

f(O)=icos(O-Oo) -- (cosO-ncos0i)+ -- lnW(O) , (2-76)

the saddle point criterion is

z,,. I W'(O)
f'(0) = -isin(O - Oo) + -(sinO +q') + k W(0) =0 at 0 = y, (2-77)

and the second derivative required by the saddle point approximation is

izZ. I . WWI' - (W) 2

f11(O) = -i cos(O -00) + R,- (cos0 +q") + R1 W( ) (2-78)

where

q = -sin0cos0/(ncos01)

q" = [sin 2 0 - cos 2 0 -(q') 2]/(ncos01)

2-8.2 Saddle point structure of the transmitted field

The saddle points and steepest descent paths are found in a manner
analogous to the reflection case. In Fig. 2-11 we show the situation in the complex
0-plane for a low frequency case where z, = 4A, zT = 1A, and the angle 0o specifying
the receiver position is varied from 500 to 800 in increments of 2.5 ° . We see
that for the seven receivers closest to the source, the steepest descent path for
the transmitted ray completes the required contour of integration by itself. But
for receivers farther from the source, the path turns back up and to the left
instead of down and to the right. For these receivers the steepest descent path of
an additional saddle point, corresponding to the evanescent field, completes the
contour. The evanescent field is produced by energy that is totally reflected at the
interface, but that nevertheless causes a disturbance in the bottom. The complex
angle of the "evanescent ray" has a real part that is slightly greater than 00 and
an imaginary part that is positive. The eigenray interpretation of the field in the
bottom is shown in Fig. 2 6.

When the source and receiver are very close to the interface and some-
what far apart, a complication in the steepest descent path of the evanescent ray
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saddle point can arise. Instead of ending in the correct direction, the path ends at
0 = 900 + :0° , where W by Eq. (2-73) is zero and Re[f] by Eq. (2-76) approaches
-oo. When this happens, we must search for an additional saddle point 'r,,2 whose
path of integration completes the required contour of integration (see Fig. 2-12).
We call 7,. which lies slightly below and to the right of 90' in the complex

1 -dog

8- "EVANESCENT RAY"

6 SADDLE POINT

4-
2 5565 75 85 9
o L/

- R - deg
"TRANSMITTED RAY*

-4- SADDLE POINT
-6

41 SECOND "EVANESCENT RAY"-10- SADDLE POINT

Figure 2-12 SADDLE POINTS AND STEEPEST DESCENT PATHS FOR A CASE WHERE AN AD-

DITIONAL "EVANESCENT RAY" SADDLE POINT MUST BE FOUND. THE PARAMETERS ARE:

n = 0.866, m = 1.67, z, = zr = 0.25A, r = 40A.

0-plane, a second "evanescent ray" saddle point because it represents an inhomo-
geneous plane wave that travels parallel to the interface (Re[CV2] ; 900) and is
exponentially decreasing in the bottom (Im[yev 2l < 0). For the case in Fig. 2-12,
the field due to %/v2 is just 5 dB weaker than that due to the usual evanescent
field saddle point, so the contribution of the former cannot be ignored. We do not
believe, however, that the additional saddle point represents any distinct mech-
anism of propagation, but simply that it is sometimes required to complete the
description of the evanescent field.

It is interesting to note how the saddle point structures of the reflected
and transmitted fields are related at the interface, where the total pressure field
must be continuous. At short ranges (small 00), the saddle point corresponding
to the partially reflected ray becomes, as the interface is crossed, the saddle point
corresponding to the translnitted ray. At long ranges (large 00), -it is the reflected
lateral wave ray that evolves into the transmitted ray, both of which lie near the
critical angle. In addition, the totally reflected ray above the interface becomes
the evanescent ray in the bottom. Of course, the incident field iutist be added to
the reflected field to obtain continuity with the transmitted field at the interface.
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A comparison between classical ray theory and the exact result [obtained
by numerical integation of Eq. (2-74)] for the transmitted field along a horizontal
line is shown in Fig. 2-13. As in Fig. 2-4 for the reflected field, the geometric

-
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INCIDENT ANGLE OF RECEIVER 00 - deg

Figure 2-13 COMPARISON BETWEEN CLASSICAL RAY THEORY AND THE EXACT RESULT FOR

THE NORMALIZED TRANSMITTED FIELD. VALUES OF Z, AND Zr IN WAVELENGTHS ARE SHOWN

FOR EACH PLOT. THE INTERFACE IS THE SAME AS IN FIG. 2-4.

spreading and phase terms predicted by classical ray theory have been removed
from the total field, so that only the effect of the transmission process remains.
The geometric parameters za and z, for each plot are indicated on the figure.
Note that the ratio z,/z,. = 4 is held constant so that the classical ray result is
the same for each geometric configuration. Classical ray theory is less accurate
at lower frequencies (source and receiver closer to the interface in terms of wave-
lengths) because the evanescent field is more significant. The interference evident
at the longer ranges (larger 00) is between the transmitted and evanescent rays.
Attenuation in the bottom would enhance the importance of the evanescent ray

n,, ,,=,,= mmn m num r' nl' '-RAYTH E O R|
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in comparison with the transmitted ray because the latter has a much longer path
length in the bottom.

2-8.3 Geometric interpretation of the transmitted field

The interpretation in terms of eigenrays is slightly more complicated for

the transmitted field than for the reflected field. In Fig. 2-14 we have drawn an
eigenray from the source S to the interface at A at angle -y and backward from
the receiver R to the interface at B at the angle 71 found from Snell's law in
Eq. (2-71). As in Fig. 2-8 for the reflection case, we allow for the possibility of a

S

zs E

P C

r1 -= A = , 2 ,"!R
:-~ ~ r2, - .

r

Figure 2-14 INTERPRETATION OF THE TRANSMITTED FIELD IN TERMS OF EIGENRAYS.

displacement along the interface by not assuming that points A and B coincide,
and we define as A the resulting ray displacement AB. The same comments made
in Secs. 2-7.1 and 2-7.3 regarding the possibility of complex eigenray angles Y
apply in the present case.
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To find an expression for the ray displacement A, we manipulate the
saddle point criterion in Eq. (2-77). Using Snell's law and geometry, we can write
the factor (sin 0 + q') as

sin s7cos _ -sin(yi --y) _ -BE/BR -T7(
n cos -I cos 1̂  Z,/BR - z, (279)

Substituting for sin(y - 0o) = -- C-E/R in the first term of Eq. (2-77), we obtain

P T iB-E 1 W'(Y) = (2-80)
f'( 1 = , + kR, W(-y) (8)

Multiplying by -R 1 and recognizing that 7E -Y = A cos 7, we find

i W'() (2-81)

= kcosy W(-y) *

Thus, the ray displacement for the transmission case Eq. (2-81) is obtained from
the reflection case Eq. (2-60) by simply replacing W for V.

As before, the eigenray equation is obtained by substituting A into the
saddle point criterion. Taking our cue from the reflection case, we multiply
Eq. (2-77) by Ri/cos -y and expand the sin() terms:

iR ' R sin(-y - 0o) z, sin(-y - ) + A 0=+ + =
cos -Y cos f cos Y cos - 1

R, tan7 cos 0o - R, sin Oo + z, tan 7i zr tan -y + A = 0
(2-82)

After substituting R, cos 0o = z, + zr and R, sin 00 = r (see Fig. 2-14), we obtain
the eigenray equation

r z tan-y+A Zrta+ztn1

- r,(-y)+,(y)+r 2(7y) - (2-83)

The characteristics of the transmitted eigenray are obtained from the
saddle point approximation in the same manner as for the reflected eigenray:

p(Oo, RI,Zr) = 1 W(y) exp[i(k[2_ + kA sin-y + k _T_1)Jr iR I f"(7
trans- ray path phase 4

G4  Go mission

loss

(2-84)
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The ray path phase t in Eq. (2-84) is obtained as follows:

4D(y)= kRj cos(-y - 0o) - kz,(cos-y - n cos )

= k(+-+ -D) -kR cosy (cos y - ncos)

= k37'+ kAsin y + k7r/I'[cos(,yi - r) - cosyj cosy + k1i'1Tcos'-yi

= k± + kA sin + kR sin I sin 11 + kj -BRcos 2 7t
= k3A+kAsinl+k 1 -B . (2-85)

The geometric spreading factors in Eq. (2-84) have the same interpretation as for
the reflection case shown in Fig. 2-9. In terms of the ray path lengths, they can
be written

Go = r'(-,)cos Y V +A'cos + BRcos2 1/(71cos 2
1

)  (2-86)

= -A + A/ sin - + --R/ (2-87)

In the reflection case, the ray displacement A (at. a lossless interface) turns
out to be real for totally reflected and lateral wave eigenrays. In the transmission
case, however, the displacement A turns out to be complex, which means that
the simple interpretation of a real displacement upon transmission, as depic*ed in
Fig. 2-14, does not hold. Using the case illustrated in Fig. 2-11 as an example, we
find that A is largely imaginary for transmitted rays. Its magnitude is very small
at short ranges (indicating the accuracy of classical ray theory there) but larger at
longer ranges. For example, the eigenray for the receiver at 00 = 600 and z, = IA
in Fig. 2-11 has angle -f 55° -i0.5° and displacement A = (0.03+i0.28)A. Recall
that classical ray theory may be obtained by neglecting the displacement. From
Fig. 2-13 we see that neglecting the displacement for the receiver at 00 = 600 and
z, = 1A results in an error of 0.6 dB. Thus, although the displacement is complex
and cannot be interpreted physically, we must include it in the mathematical
treatment of the transmitted field. Real displacements are found only for receivers
at long ranges on the interface (z, = 0), where A is the same as for the reflected
lateral wave ray on the opposite side of the interface.

For the saddle points in Fig. 2-11 that represent the evanescent field
(which is not accounted for by classical ray theory), the magnitude of A is on the
order of 1.5-6A, and the real part is somewhat larger than the imaginary part.
By Snell's law the plane waves in the bottom that correspond to the "evanescent
ray" saddle points are inhoniogeneous, with real parts close to 90'. The fact that
the eigenray characteristics have significant imaginary parts is an indication that
the evanescent field in the bottom cannot be represented as a simple ray field.
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2-9 CONCLUSIONS

In this chapter we have developed a systematic method for finding the
reflected and transmitted fields due to a point source in the presence of a plane,
penetrable interface. The basic technique is to allow the plane wave reflection and
transmission coefficients to influence the saddle point location by moving them
into the phase function f before taking this function's derivative to find the saddle
points. The result is that the saddle points are, in general, complex. Complicated
effects of the reflection and transmission processes, such as the reflected lateral
wave field in the water and the evanescent field in the bottom, are now included
in a natural way in the saddle point formulation. By tracking the steepest descent
paths in the complex 0-plane and comparing them with the required contour of
integration, one can determine whether multiple eigenrays exist at a given receiver.
Numerical integration along the steepest descent paths provides a robust and
frequency-independent method for evaluating the eigenray field when the usual
saddle point approximation is not valid.

An attractive feature of our approach is that each saddle point can be
associated with an eigenray having a certain path of propagation. Characteristics
such as ray travel time, geometric spreading losses, and reflection or transmis-
sion loss provide one with physical insight into the problem. In certain transition
regions, the field is too complicated to be simply expressed as a single ray field
or even the superposition of several ray fields. Examples are the reflected field
in the region of the critical angle and the transmitted field in the region where
the transmitted ray is first accompanied by the evanescent ray. In such regions
steepest descent paths are curved and contributions to the field integral come
from a range of angles. Since the saddle point approximation is not valid, nu-
merical integration along the steepest descent path must be used to evaluate the
field strength. Despite the fact that a detailed physical interpretation of complex
eigenray characteristics is not always possible, the real parts of the eigenray angles
do indicate the approximate path of the energy represented by the eigenray.

The overriding motivation for this work has been to develop a method
for solving the single interface problem in a way that could be extended to more
complex environments. In the following chapter we will apply the ray method to
a flat waveguide (the Pekeris model) and to a sloping waveguide (the penetrable
wedge problem). For these environments, the total field is expressed as a sum
of ray fields, each of which can be evaluated using the methods outlined in this
chapter.



CHAPTER 3

APPLICATION OF THE RAY METHOD TO FLAT AND SLOPING
WAVEGUIDES

3-1 INTRODUCTION

In the previous chapter, a method was developed for finding the field
due to a point source in the presence of a single plane, penetrable interface. The
method involves allowing the plane wave reflection or transmission coefficient to
influence the location of the (possibly complex) saddle points, as well as their
associated steepest descent paths. In this chapter we find the field in flat and
sloping waveguides by using the same saddle point method to evaluate each one
of the ray fields that contributes to the total field.

The so-called Pekeris waveguide serves as a simple model for acoustic
propagation in shallow water ocean environments. It consists of a flat, homoge-
neous fluid layer (water) that is bounded below by a homogeneous fluid halfspace
of higher velocity (sand, for example) and above by a pressure-release interface.
Traditionally, this model has been analyzed using normal mode theory, beginning
with the classic work of Pekeris. 7 Brekhovskikh's treatment of the problem, in
Chapter 5 of Ref. 5, includes both the ray and mode approach. Most computa-
tional implementations of normal mode theory include only the discrete modes,
which limits the validity of the solution to long ranges. In more recent years,
closer attention has been paid to the remainder of the solution, referred to as
the continuous spectrum or the branch line contribution." In the case where a
mode is near cutoff (the transition from the discrete spectrum to the continuous
spectrum at the critical angle), norinal mode theory call be invalid at all ranges.
The concepts of "virtual modes" 19 and "pseudoresonances" 20 have been proposed
as means for correcting the theory in this case.

'Ile modeling of the Pekeris waveguide in terms of rays with bearzm dis-
placement has beei carrie'd out by lindle, et al."', Although this ray formu-
lation has beei successfully applied in various circuimsta i 's, it does not model

43
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the field accurately in the region of the critical angle. In this region, a ray theory
caustic is formed, and correction formulas based on uniform asymptotic expan-
sions must be used. However, the caustic corrections do not completely solve the
problem because the field predicted from the shadow-zone formula does not match

up well with the partially reflected field at shorter ranges. As can be seen in Fig. 1
of Ref. 12, the field at ranges shorter than the caustic range is not correctly ac-
counted for by the shadow-zone formula alone. From Fig. 1 of Ref. 11, we see that
partially reflected rays undergo no beam displacement and are abruptly cut off
at the critical angle. Adding the partially reflected ray field to the shadow-zone
field only corrects the field at short ranges; closer to the critical angle the field is
still incorrect, and there is a discontinuity where the partially reflected rays are

cut off at the critical angle. The reason that good results have been obtained
using the usual beam displacement formulation 9 0 "'11 is that the partially reflected
field, corresponding to the continuous spectrum in mode theory, is very weak at
sufficiently long ranges in a flat waveguide.

In the present approach, as described ini Chapter 2, we find the correct
field in the problematic region of the critical angle by incorporating the entire
reflection coefficient (rather than just its phase) in the saddle point criterion,
finding complex saddle points, and numerically integrating along the paths of
steepest descent. The field calculated in this way matches smoothly with the field
at shorter ranges due to partially reflected rays, as well as with the field at longer
ranges due to totally reflected rays plus lateral wave rays. For lossless interfaces,
the representation of the field at long ranges is equivalent to the previous beam
displacement formulation.

The second environment to which we will apply our ray method is the

sloping waveguide or wedge, which is a useful model for coastal and continental
shelf areas. The wedge problem has received considerable attention from the
underwater acoustics community in recent years. Jensen and Kuperman2 ' have
used a parabolic equation model to demonstrate the cutoff of modes in upslope
propagation. Pierce22 and Kamel and Felsen23 have studied the same issue from a
theoretical standpoint. Arnold and Felsen24 discuss the field in a wedge in terms
of rays and local mcdes, and Arnold, et al.,25'26'27 have developed the theory of
intrinsic modes for the penetrable wedge. Xiang, et at., 2" have recently reported
progress in simplifying the intrinsic mode formulation.

The work of Tindle and Deane 12 was the first successful application of
ray theory to a shallow water wedge. Using the beam displacement formulation

from Ref. 10, good general agreement was found between ray theory and adiabatic
normal mode theory for cases where the adiabatic approximation is valid (small
slopes and no mode cutoff). In such cases, the problem in the beani displacement
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formulation in the area of the critical angle apparetly dlid not affect the results
significantly. According to Sec. I of Ref. 12, partially rellected energy was ac-
counted for by way of the shadow-zone caustic correction factors, and no partially
reflected rays were included in the calculations. For noderate and large ocean
bottom slopes, however, proper accounting of energy icident on the bottlom it
angles near and steeper than the critical angle is essential because, duie to the
change in ray angle upon each bottom reflection, iiiany rays ilmIortaid to 0,w
field calculation are reflected from the bottom at such angles. In contrast to the
flat waveguide, these partially reflected rays are import ant at all ranges from the
source in the wedge, not just at short ranges.

The first three sections of this chapter deal with the flat. wavegmide. Sc
tion 3--2 describes the ray method for calculating the lield, Sect.ion 3 3 contains
comparisons of the ray model with the SAPARI model and a norimal ,node Imodel,
and Section 3-4 reviews the structure of the eigvnrays at. several receivers in the
waveguide. The next three sections treat the sloping wavegudide. Section 3 5 con,
tains a derivation of the integral expression for the ray fields, Section 3 6 (coitaimis
a comparison of the ray model with a two-way coupled ,node ,nodel, and Soc
tion 3-7 gives examples of the eigenray structure. (oncluding remarks are made
in Sec. 3-8.

3-2 RAY METHOD FOR THE FLAT WAVEGUIDE

The environment assumed is the standard Pekeris waveguide illustrated
in Fig. 3-1(a). The parameters needed to describe it are the ratio of sound speeds
n = c/ci, the ratio of densities m = pulp, and the water depth h. In the water,
the wave number k is related to the wavelength A, the frequency f, and the sound
speed c by k = 27r/A = 27rf/c. The source-receiver geometry is specified by the
horizontal range r and the source and receiver depths z, and Zr, respectively. All
distances are expressed in terms of the wavelength A. We assume that n < 1,
which is typical for water-sand interfaces in shallow water ocean environments. In
such a case, the critical angle 0cr = arcsin(n) is real. Attenuation may be included
in either medium by allowing the appropriate sound speed to have an imaginary
part (see Sec. 2-5), which causes n to be complex as well.

The total field at a receiver in the Pekeris waveguide is expressed as a sum
of ray fields due to the source and its images, which are illustrated in Fig. 3-1(b).
The straight lines connecting the image sources with the receiver represent the ray
paths of classical ray theory. We specify each ray path by the number of bottoni
reflertimis Nb, the number of surface reflections N,, and the ray's direction of
travel at the receiver. The ray field due to each image source is represented as
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a contour integral over plane waves in the complex 0-plane, where 0 is the plane
wave angle of incidence. We solve the integrals in terms of eigenrays, which are
specific rays at specific angles that travel from source to receiver. It is important
to realize that there may be more than one eigenray with a given ray path (a
given sequence of reflections). For example, we saw in Chapter 2 that a lateral
wave eigenray always accompanies a totally reflected eigenray.

The expression for the field reflected once from a plane, penetrable in-
terface is given by Eq. (2-28). To modify this expression for a ray path that has
Nb bottom reflections, with plane wave reflection coefficient V, and N. surface
reflections, with reflection coefficient -1, we write

p(Oo, Rf) e'i ''°O-o)[V(0)JN'V/ -d0 , (3-1)
27_rr J-j+ioo

where V is given by Eq. (2-18). For each of the image sources in Fig. 3-1(b) the
appropriate values of the incident angle 90 and the distance R, that specify the
receiver location can be calculated from simple geometry. The total field is given
by an infinite sum of ray fields of the form in Eq. (3-1) due to the infinite number
of image sources that exist. In practice, the sum can be truncated after 00 has
become sufficiently small and Nb sufficiently large that the ray is insignificant due
to multiple partial reflections at the bottom.

As in Chapter 2 we use the method of steepest descent to solve the integral
for each ray field. Before applying the method we incorporate the reflection process
into the saddle point criterion by expressing

[V(O)]N = eN V(O) , (3-2)

so that we may write the ray field as

N, k m i [ -too kRi [icos(-0 )+i~-n V(O)l ) T d 3 3p(Oo, R,) = (--1)N' 2rre' 4[f-OO eni co(_o+_ v s in/ dO -(3-3)

2 dr - + ioo

The phase function in the steepest descent method (see Sec. 2-3) is now

f(0) = icos(0 -0o) + N- In V(b) (3-4)

and the criterion for the saddle point y is

f'(0)=-isn(O-Oo)+Nb V'() 0 atO=y , (3-5)
k!?, V(O)
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where prime indicates differentiation with respect to 0. It can be seen by compar-
ing Eq. (3-5) to Eq. (2-48) that it is no more difficult to find the saddle points
for the multiply reflected field than for the singly reflected field since the only
difference is the factor N.

As in Sec. 2-7.1, Eq. (3-5) can be interpreted geometrically as an eigenray
equation, where a horizontal displacement

= ____= V"(y) (3-6)
kcos y V(y)

occurs at each of the Nb bottom reflections. The structure of the saddle points as
a function of horizontal receiver range r is similar to that for the singly reflected
field illustrated in Figs. 2-5 and 2-7.

Once the saddle point I is found. the integral in Eq. (3-:1) is evaluated
in one of two ways, as detailed in Chapter 2. The first method is to apply the
first-order saddle point approximation given in Eq. (2-38) to Eq. (3-3). The result
is )N Asn 1 1 [V , ~ kR, cos(.,_00 )

p(Oo,R,)=(-1)N in l"1 [V()]Nb , (3-7)
r ViRIf (y)

where f" is obtained by taking an additional derivative of Eq. (3-5). The second
method, which is required when the saddle point is near the critical angle, is to nu-
merically integrate along the path of steepest descent in the complex 0-plane. As
discussed in Sec. 2-7.2, the v/rs-in term in the integrand of Eq. (3-3) is evaluated
at the saddle point "I and taken outside the integral before the integration is per-
formed. We do so because the integral over 0 represents the geometrical spreading
G9 of the ray bundle in the plane of Fig. 3-1, while the factor Go = sin 7/r rep-
resents the spreading in the perpendicular plane. We will see that the separation
of the spreading factors in this way is useful when constructing the integral for
the sloping waveguide in Sec. 3-5.

The algorithm for finding the field at a series of receivers at constant
depth z, proceeds as follows. First, the field due to the direct path arrival is
found at all the receivers. The amplitude of this field serves as a reference for
deciding when to neglect rays that are significantly weaker. Next, the algorithm
loops through the image sources [see Fig. 3-1(b)], finding the field at all receivers
for each ray path. The ray field calculation starts at the receiver for which 00 : Ocr,
and the field is found by numerical intcgration along the steepest descent path.
The field at longer ranges (larger angles 0o > 0or) is found next, each time checking
if a lateral wave ray also exists. Once the lateral wave exists also, the saddle point
approximation is compared to the exact (numerical) result. If the approximation is
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accurate enough, it can then be used for all the receivers farther out in range. This
procedure for testing the accuracy of the saddle point approximation is applied
to the lateral wave ray as well as to the totally reflected ray. In addition, the
strength of the lateral wave ray is compared to the reference strength, and when
the lateral wave ray is sufficiently weak, it can be neglected for receivers at longer
ranges.

The same type of procedure is used for the partially reflected ray field at
the shorter ranges, for which 00 < 0Oc. As Nb gets larger, the partially reflected field
drops off more and more sharply with decreasing range r. When Nb is sufficiently
large that the ray field at all the receivers is insignificant due to numerous partial
reflections, the process is terminated and the total field has been found.

The field in the bottom of the flat waveguide may be found using the
same approach. Since all the energy arrives from above, only the upper half of
image sources in Fig. 3-1(b) contributes. From the expression for the transmitted
field at a single interface Eq. (2-75), we derive the following for the flat wa'eguide
case:

p(Oo, Ri,z,) = ( 1 )N exp kR I[cos(O-Oo)

- tcos0- n cos 01)

+ Nb In V(O) + In I'(0) dO, (3-8)

where N6 is the number of bottom reflections of the ray path (not including
the final transmission), V is the plane wave transmission coefficient given in
Eq. (2-73), z, is now the positive distance below the bottom interface, and 01 is
the plane wave angle in the bottom given by Snell's law, sin 01 = sin 0/n. In solving
Eq. (3-8) in terms of saddle points, we always find a saddle point corresponding
to the usual transmitted ray. When 0o is large there may also be a saddle point
that accounts for the evanescent leakage of energy into the bottom, as discussed
in Sec. 2-8.

3-3 COMPARISON OF MODELS FOR THE FLAT WAVEGUIDE

In order to test the validity of the ray model, which we refer to as the
ACCUI{AY model, we have compared its predictions of propagation loss with
those of other models, namely the SAFARI fast field program29 developed at,
the SACLANT Centre in La Spezia, Italy, and a normal mode model called



50

NEMESIS'" developed at the Applied Research Laboratories, The University of

Texas at Austin. The SAFARI model, whose algorithm solves the Bessel trans-

form of the wave equation in range-independent environments by direct numerical

integration, should be accurate at all frequencies and all but very short ranges.

The normal mode model includes the discrete spectrum in its calculations, but

does not account for the branch line integral.

The first case for comparison of the models was chosen so that a mode

would be just on the verge of cutoff. The bottom parameters are n = 0.9375
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Figure 3-2 COMPARISON OF THE RAY MODEL (ACCURAY), THE SAFARI MODEL, AND

A DISCRETE NORMAL MODE MODEL FOR A FLAT WAVEGUIDE OF DEPTH h - 3.6A. THREE

TRAPPED MODES EXIST, BUT MODE 3 IS VERY CLOSE TO CUTOFF. THE EXTREMELY CLOSE

AGREEMENT BETWEEN THE ACCURAY AND SAFARI MODELS MAKES THFIR PLOTS DIFFI-

CULT TO DISTINGUISH.

(0,,r = 69.60) and rn = 1.25, and the source and receiver depths are z, = 0.72A and
z, = 0.60A. Figure 3-2 shows a comparison of the three models for a water depth
of h = 3.60A, which is slightly deeper than the cutoff depth for the third mode
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ha = 3.59A. The figure shows that the ray model and the SAFARI model agree
so closely that the plots can barely be distinguished. The normal mode model,
however, is typically off by 4 dB at the peaks and 15 dB at the valleys of the plot.
The reason for its poor performance in this case is that the pole corresponding to
mode 3 is very close to the branch point singularity at the critical angle. These
results demonstrate that SAFARI and the ray model correctly account for energy
in the neighborhood of the critical angle, while normal mode models with only
the discrete spectrum do not.

The second case for comparison is the same as the first except the water
depth has been lowered to h = 3.5A, so that only the first two normal modes are
trapped. It can be seen from Fig. 3-3 that there is still near perfect agreernient
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Figure 3-3 As IN FIG. 3-2, EXCEPT THE WATER DEPTH HAS BEEN REDUCED To h =3.5A.

MODE 3 IS NOW CUT OFF, BUT STILL CONTRIBUTES SIGNIFICANTLY AT TIlE SHORTER RANGES.

between the ACCIURAY anid SAFARI models. The inode model's performance is
somewhat better thani for the previouis case, buit It is still quiite poor, especially at
the shorter ranges. Although not trapped inI tis case, Modv 3 does, nevert heless,
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influence the field quite strongly out to a range of at least 200A, which corresponds
to 57 water depths.

Since most realistic ocean bottoms possess some attenuation, we consider

in Fig. 3-4 the same case as in Fig. 3-2 except that an attenuation of 0.5 dB/A has

been included in the bottom. The continued close agreement between the ACCU-
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Figure 3-4 As IN FIG. 3-2, EXCEPT THE BOTTOM HAS AN ATTENUATION OF 0.5 dB/A.

THE IMPORTANCE OF MODE 3 DECREASES WITH RANGE DUE TO THE ATTENUATION.

RAY and SAFARI models indicates that attenuation has been properly included
in the ray model approach.* The important difference from the lossless case is that
the normal mode model's results are somewhat more accurate, especially beyond
a range of 140A, or 39 water depths. The improvement is due to the fact that
mode 3, whose proximity to the critical angle causes the poor performance in the
lossless case, is now significantly attenuated with increasing range.

*The ACCURAY and SAFARI models both account for attenuation by way of complex sound
speeds or wave numbers.
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In Ref. 31 Mannseth shows comparisons of propagation loss in shallow
water between the formulation of ray theory with beam displacement given in
Ref. 10, the discrete normal mode solution, and the exact solution (obtained by
adding the branch line integral to the discrete modes). Similar conclusions are
made regarding the inadequacy of the discrete mode solution when a mode is
near cutoff. In addition, it is shown that the solution using rays with beam
displacement is also quite poor in the region of mode cutoff. For cases where no
modes are near cutoff the ray solution is better, but not as good as the discrete
mode solution. Thus, the method presented here for obtaining a ray solution is
an improvement over the formulation used in Refs. 9-11. The main difference is
that the present method accounts correctly for the transition from total to partial
reflection.

Our final comparison of models appears in Fig. 3-5, where the water
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Figure 3-5 COMPARISON OF THE RAY MODEL (ACCURAY) AND THE SAFARI MODEL FOR

A FLAT WAVEGUIDE OF DEPTH h 0 0.5A. No TRAPPED MODES ARE PRESENT.

depth has been reduced to h = 0.5A and the maximum range considered is 100A,
or 200 water depths. The source and receiver depths are z, = 0.2A and Z, = 0.4A,
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respectively. Since no trapped modes are present (hcj = 0.72A), the discrete
normal mode model cannot be applied. Agreement between the ACCURAY and
SAFARI models is still very good. The field in this case decays much more rapidly
with range than in the other cases considered. The ray solution at the longest
range requires the inclusion of ray paths with up to 40 bottom reflections, resulting
in a total of more than 160 eigenrays. Despite the fact that each individual ray is
quite strong, the destructive interference between rays results in a weak field. The
reason that the ACCURAY solution is not smooth at long ranges is that small
errors in the individual ray fields cause imperfect interference between rays.

3-4 EIGENRAY STRUCTURE IN THE FLAT WAVEGUIDE

Figure 3-6 shows the saddle points and their corresponding steepest de-
scent paths in the complex 0-plane for receivers at ranges of 50A and 200A for the
environment modeled in Fig. 3-2. Each of the saddle points, indicated by the bold
dots, represents the contribution of one eigenray to the total field at the receiver.
The physical path that each eigenray takes in the waveguide is indicated in the
figure by the number of bottom bounces Nb. The steepest descent paths drawn in
Fig. 3-6 are the actual ones that would be used to find the field from numerical
integration. The magnitude of the integrand of Eq. (3-3) is weaker by a factor
of 0.005 at the end points of the steepest descent paths than at the saddle points.

The two eigenrays at the largest angles, for which Nb = 0, are the direct
and surface-reflected rays. Their fields are simply calculated according to the
spherical wave expression e i k R /RI. For Nb > 0 there are four eigenrays with the
same number of bottom interactions, and as Nb increases the eigenrays become
steeper (their angles of incidence become smaller). For each totally reflected ray
with a given ray path, there is a lateral wave ray with the same path whose
saddle point lies next to the critical angle. As explained in Sec. 2-5, its steepest
descent path loops around the critical angle and serves to complete the contour
of integration for the integral representing that ray field.* The saddle points at
smaller angles, whose steepest descent paths cross the branch cut, correspond to
the partially reflected eigenrays. Although the transition from total to partial
reflection is, in reality, a gradual process, we use the criterion of steepest descent
paths crossing, or not crossing, the branch cut to distinguish between partially
and totally reflected rays.

The eigenray structure for the receiver at the short range of 50A (14

°To avoid confusion, only one of the four lateral wave paths has been drawn in Fig. 3 6(a),
and only three of the 28 lateral wave paths have been drawn in Fig. 3 6(b).
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water depths) in Fig. 3-6(a) indicates that relatively few eigenrays make up the
total field. Only those with N6 = 1 are totally reflected. Those with N6 = 2 are
partially reflected, but their strengths are only 1-6 dB weaker than the totally
reflected rays. Additional reflections at subcritical angles introduce much more
loss: eigenrays with Nb = 2 and Nb = 3 are approximately 24 dB and 46 dB
weaker, respectively, than the totally reflected rays. The lateral wave rays (with
Nb=l) are 20-23 dB weaker than the totally reflected rays. Neglect of these rays
would change the total propagation loss by about 0.8 dB.

For the receiver at the longer range of 200A (56 water depths) in
Fig. 3-6(b), eigenrays with up to ten bottom interactions are shown. Those with
Nb > 8 are partially reflected at the bottom. With no attenuation in the bottom,
the strengths of all the totally reflected eigenrays are essentially the same. The
total horizontal (beam) displacement at the bottom of these totally reflected rays
varies from 24A to 35A. The ray displacement per reflection decreases from 24A for
Nb = 1 to 5A for N6 = 7. The lateral wave rays with Nb = 1 are 39 dB down from
the totally reflected rays, while those with Nb = 7 are 6-8 (113 down. When all
attenuation of 0.5 dB/A is included in the bottom, as in Fig. 3 -4, the lateral wave
rays at both ranges are severely attenuated. For r = 200A the totally reflected
rays with Nb = 7 suffer an additional attenuation of about 10 dB.

On both of the plots in Fig. 3-6 the angles associated with the trapped
normal mode- (see Sec. 35.2 of Ref. 5) are indicated by arrows. A comparison of
the two plots points out the basic difference between the ray and mode descriptions
of the field. At short ranges, few rays describe the field accurately, while several
discrete modes describe the field only approximately. The continuous spectrum
would be required to complete the mode description. At long ranges, many rays
but only a few modes are required to describe the field. The mode solution would
be accurate if either no mode were near cutoff or if the bottom had significant
attenuation. A good description of how the interference between rays forms a
mode may be found in Ref. 9.

3-5 RAY METHOD FOR THE SLOPING WAVEGUIDE

3-5.1 Derivation of the plane wave integrals

We now consider the sloping, or wedge, environmtent illustrated in
Fig. 3-7(a). l'aranleters rquited to describe this waveguide are n = c/cl,
m = pi/p, and the wedge angle n. The source-receiver geometry is given by
the vertical water depth at the source It,, the source and receiver depths z, and
z., and the rauge r. The iuage Sources, whiih lie on a cir-cle centered at the apex
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of the wedge, are shown in Fig. 3-7(b). The lines connecting the image sources

to the receiver again represent the ray paths of classical ray theory. We consider

the case of upslope propagation here, but the downslope case poses no additional

problems. Diffraction of the acoustic energy incident directly on the apex of the
wedge cannot be included in the present approach, but this effect is negligible in
typical ocean environments, where a is small and the bottom is penetrable.

The field associated with each image source (or, equivalently, ray path)
is constructed by appropriately modifying the plane wave integral for the flat
waveguide, Eq. (3-3). For a given image source in Fig. 3-7(b), the distance Rl
and the angle of incidence at the first bottom reflection 00 can be computed from
simple geometry. The main difference from the flat waveguide is that plane waves

undergo successive bottom reflections at incident angles 2o steeper (siialler) than
the previous one, as illustrated by the ray path drawn in Fig. 3--7(b). For the
general ray path with N, surface reflections and Nb bottom reflections, we may
write the pressure field as

P(00'Rz) 2 VF 4 +, o exp kRi cos(0 - )
+,N 61 0 l V[ 00-))] O(3

1Nb
+-Z In V[ - 2 (1.- 1)a]}d9 (3 -9)

A discussion of the factor G0 will be given below. Again, there may be more than
one saddle point (eigenray) when we solve Eq. (3-9).

The phase function of the integrand in Eq. (3-9) is

1 Nb

f (0) = I Cos (0-00) + I-lnV[0 -2(j - 1)o] (3-10)

and the saddle point criterion is now

f'0 E V[O - 2 (j -)a] 0 at 0=. (3-11)f'(O)= -isn(O -0I) , 110- 2(j -1)o]

Using the same method as i Sec. 2-7.1, the saddle point criterion can be inter-
preted geometrically as an eigenray equation. The result is that on t he jth bottom
reflection fron the source, .,- 1, N6, the eigenray undergoes a displacement par-
allel to the interface of

i (" , where - 2(j - )o (3 12)k( ) -cos , l -j
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Note that in going from Eq. (3-3) to Eq. (3-9), the v's-T factor has

been taken outside the integral and combined with the 1/r factor to get Go, a

geometric spreading factor that was discussed iii Sec. 3-2 for the flat waveguide.

In Eq. (2-70), this factor was derived for the single reflection case and expressed

as
Go = 1= iL (3-13)

where L was related to the ray path segments between source and receiver. For

the sloping waveguide, L is more complicated due to the change in direction of
the ray. It takes the form

L = E(ray path lengths in water) + . (3-14)
)= 1ISill

The ray field in the bottom of the wedge can be derived from Eq. (3-8)
in a manner similar to the derivation of Eq. (3 -9). The result is

p(Oo,RIz,) Go)C 4 .xp kI t-Cos(O - 00)

2 Z, I Nb

- (cosO-ncosOl) + - = n V1 O- 2(J- 1)aj

+ In W[O-2Nba)1} dO ,

where Nb is the number of bottom reflections of the ray path (not including
the final transmission), W is the plane wave transmission coefficient given in

Eq. (2-73), zr is now the (positive) perpendicular distance from the bottom inter-

face to the receiver, and 01 is the plane wave angle in the bottom given by Snell's
law, sin 01 = sin O/n. The geometric spreading factor Go for this case again takes
the form given in Eq. (3-13), where the quantity L is derived from Eq. (2-87) and

is given by

1 -E(ray path lengths in water) + E f A(-)
=1sin 7

+ ray path length in )ottom (3-16)
?1

where the final term in the summation over j is to be evaluated according to

Eq. (2 81) for the ray displacement upon transmission.
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3-5.2 The mathematical basis for the multiplicity of lateral waves

Ani interesting aspect of propagation Ii a sloping environirerit is tile Inuil-
tiplicity of lateral waves, cauised by thIe change Ii bottorin angle 111)011 each suicces-
sive reflection. Figure 3--S(a) shows the three p~ossib~le eigerrays for t lie ray path
with N6 =2 and N, =I1 Oine is totally reflected at hot i bottoim reflect ions. all(I
the other two are lateral waves, each of' which strikes the hot toiii riear t he critical
angle on one of its two reflect ions. Note I hat thle lateral wave at thle first bottIon,
reflection suibsequently undergoes a parial reflectlonl, whlereas tIre iat (ral wave oil
the second reflection lias already u irdergoire a IWOt reflection. ( lea r. thle latter
is stronger tinder iiorinal circlilristalices.

Mathematical ly, these lateral wvsif COlted for 1)Lv k(ep e i ako
the Rieinaii i sheets on wich V Is ca Ic iiate [(I- o t lie variouis b)011011 n 'fle I olls. As
described Ii Sec. 2-4.2, the squtare root, tenrmV/O - si 12 0 111 V [see FrI. (2 1 8)1 in ay
Ibe evaluiated suich that Its iuiaginarv part Is either positive ( tlre ripper lHieuMIrni
sheet ) or neg(-ative (tilie lower Hi irra n sheet.). '['lie twvo slieet,s aI cr rieted long
branch cuits that begin a~t the branch p)oints at±Or as showii Ii Fig. 2 :3. Every
time anl integration path crosses a branrch ct Ii thl e cot lle~x 0- pla ire, one mlist
chiange lRiernann sheets Ii order to preserve coritriui tv of' thle fi ic l11oll V( 0)

Inl a sloping enlvi ronrulelt the reflection coefficient V' is eva] ite(d at (Ii fler-
ent, angles for each bottomn reflection. For the ray path with Ab =2, V is evaluiated
at 0 on thre first reflection, giving rise to b)ranch points at ±0",_ awl~ at 0 - 2n
oil the second~ reflection, giving rise to branch po)ints at ±0O:r + 2(1. A choice of'
lliemann sheet rnmist be mnade for each of these two evaliratiouis. l'igrire :1 8(b)
shows the saddle points anrd iteep~est descent p~aths Ii the complex 0- plane for the
elgenrays t racedI in Fig. :3-8(a). Ini the figuire, the axes relpreserrt i ig t he anigle at
the secondI reflection are simnply shifted to the right by anl anroii 2o comnparedl
to the axes representinrg the angle at, the firust, reflect ion. Th'ley Ira-ve also beeni
artificially shifted uipward slighit I to alIlow one to (list irigri lih tllre two overla ppi ng
lbrari cl cuts.

Thei Rienranni shieets onl w Iiichi vairotls p~ort ionrs of' thle sIl~epst (lesceir

padths Ii Fig. 31 8(b) lie arce indicated LvY thre phlis arid rirrssignis inside parc-il-
the1cses. For example. ( + ) nea us t hat evaI ;r t ion of VIis oil tHeipe U10err01111
shecet for thle first reflect loll, V (0). andr oil thre lower H Rrirarrir shiec for thIe Secoirld
reflection, V( 0 - 2o ). 'h'ire cortoni r of lilit egral tloll H)i J.. (31 9) rei hulles thIa t thre
pat Ii begini awlI ('11( oui all positive shecets (+- 4-). lNcepirrg Iii tiidi that a chiange
ili thre apriopriarte Hicrilri slreet occrrrs wleirever a palt c rosses a riraricli clit, it

c'alr he sen thlat bv addinllg tir(' two lit era] walve rays to 1it1r totalY V ('flect ((I rady.
lie correct orit oiur of lit egra I iol Is cur nip Ich e INot e tll;, illt 1r ire salddIc poi its
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lie on both positive sheets (+ +). In the general case, there may be as many as
Nb lateral wave rays plus one totally reflected ray for a ray path with Nb bottom
reflections.

The algorithm for evaluating the total field at a series of receivers along
a horizontal line in a wedge is similar to that for the flat waveguide outlined in
Sec. 3-2. In the present case, evaluation of the field for each ray path begins at
the receiver for which 00 ; 0, + 2(Nb - 1)a. The ray at this angle has total
reflections at all interactions except the last, at which the interaction is near the
critical angle. We use the same procedure of finding the field at longer ranges
first, then shorter ranges. At each successive range, we check for the validity of
the saddle point approximation and for the weakness of the eigenray. Presence of
the lateral wave rays is detected by checking whether the steepest descent path
crosses the appropriate branch cut.

3-6 COMPARISON OF MODELS FOR THE SLOPING WAVE-
GUIDE

The application of the ray method to acoustic propagation in sloping
waveguides is the subject of Chapter 4, in which we compare the results predicted
by the ray model with those predicted by a two-way coupled mode model. Here,
we show just one of the model comparisons. The problems considered are the
benchmark problems proposed as a result of a special session for Underwater
Acoustics at the 112th Meeting of the Acoustical Society of America in Anaheim,
California, 8-12 December, 1986.32 The environment considered is a wedge of
angle a = 2.86*, with n = 0.882, m = 1.5, h. = 3.33A, and z, = 1.67A. We show
in Figure 3-9 a comparison for a case of upslope propagation, where z, = 0.5A and
r = 0-67A. The agreement is almost perfect, even for receivers in the bottom at
ranges beyond 56.67 A. The close agreement is stong evidence that the theoretical
approach outlined here is valid and has been correctly implemented.

3-7 EIGENRAY STRUCTURE IN THE SLOPING WAVEGUIDE

Figure 3-10 illustrates the saddle point structure for a case of upslope
propagation in a wedge of angle a = 20, with n = 0.866 (0, = 60') and in = 1.67.
The geometric parameters are h, = 5A, z, = IlA, and z, = 0.5A. Part (a) of the
figure shows the saddle points and their steepest descent paths in the complex
0-plane for the particular ray path with Nb = 3 bottom reflections and N, = 2
surface reflections. The receiver range is varied from r = 30A to r = 60A in
increments of 2.5A, as labeled. lRecall that 0 is the plane wave angle at the first
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bottom reflection, so the critical angle lies at 0, = 600 for the first reflection,

at 8, + 2a = 640 for the second reflection, and at 0, + 4a = 680 for the third

reflection.
From Fig. 3-10(a) we can deduce that, as a function of range, the reflected

(non-lateral wave) eigenray has all (three) partial reflections for r < 40A, two

partial reflections and one total reflection beginning at r = 42.5A, one partial

reflection and two total reflections beginning at r = 50A, and all total reflections
for r > 57.5A. This implies that there are lateral waves at the first bottom
reflection for ranges r > 42.5A, at the second bottom reflection for r > 50A, and
at the third bottom reflection for r > 57.5A. Since the steepest descent paths of
the lateral wave rays tend to overlap, we have drawn only one for each of the three
bottom reflections.

Part (b) of Fig. 3-10 shows the saddle points at the particular range
r = 55A. Saddle points that correspond to eigenrays with zero to five bottomi
interactions are indicated. As in Fig. 3-6 for the flat case, there are groups of
fcur saddle points for each value of Nb, representing the four multipath eigenrays.
As N6 increases, the eigenray incident angles become smaller. An eigenray with
saddle point -y undergoes its jth bottom reflection at angle t, = -Y -2(j - 1 )a, so it
is easy to determine the number of partial reflections a given eigenray suffers. For
example, all four eigenrays with Nb = 2 experience no partial reflections, those
with Nb = 3 experience one, and those with Nb = 4 experience three. Again, only
one of the 16 lateral waves at 0 = 600 is shown, and only one of the eight lateral
waves at 0 = 640 is shown.

This phenomenon of eigenrays with larger numbers of bottom interactions
rradually"' undergoing more partial reflections is in contrast to the flat waveguide

case, in which the transition from rays with all total reflections to all partial
reflections is sudden. An important consequence is that, in a wedge, eigenrays
with one or more partial reflections are significant, even at long ranges. In terms
of mode theory the partially reflected contributions correspond to modes that are
beyond cutoff and in the process of penetrating into the bottom. In the example
of Fig. 3-10(b), the rays with one partial reflection (Nb = 3) are just 2-A d1
weaker than the totally reflected rays, whereas those with three partial reflections

(Nb = 4) are 12-16 (i1 weaker.

3-8 CONCLUSIONS

In this (hapter We have a)plied the coinplex ray nwt'thods developed ill
(hapt er 2 to the flat and sloping wavegulides corlmloll in U ll(lrwat(r ac(''islI('s
appli(ations. For the fiat wavegu ide (tlhe P'ekeris model) agreci netn l)etwe'nii the
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ray model and the SAFARI model is nearly perfect. Whereas normal mode models
that calculate only the discrete spectrum are in error when a mode is near cutoff,
the ray model is valid at all ranges. The ray model is also valid when the water
depth is as low as half a wavelength.

In the case of a sloping waveguide we have derived the integral expression
for each ray field, and have shown the mathematical origin of the multiple lateral
waves. In contrast to the flat waveguide, rays in a wedge change angle upon
each reflection. Thus, a given ray that is totally reflected on its initial bottom
interactions remains significant even after one or two partial reflections. As a
result, successful modeling of a wedge environment, even at long ranges, requires
accurate calculation of the field in the transition region from total to partial
reflection. The validity of the ray method presented here has been demonstrated
in Sec. 3-6 by its close agreement with an independent model.

Although the environments considered in this chapter are simple ideal-
izations of the real ocean, the solutions presented here in terms of eigenrays are
valuable because they provide physical pictures of the propagation. In colati't,
models that numerically solve for the field usually provide little information about
the actual mechanisms of propagation. Computationally intensive models, such as
those based on finite element methods, the parabolic equation approximation, or
coupled mode theory, can be difficult to use with confidence because the accuracy
of their solutions may depend on the initial choice of mesh size, number of sample
points, number of integration points, or number of modes to consider. Thus, a
simple model like the ray model can be very useful in verifying the accuracy of
these more versatile and powerful models.



CHAPTER 4

RAY MODEL SOLUTIONS TO THE BENCHMARK WEDGE
PROBLEMS

4-1 INTRODUCTION

In this chapter we present in more detail the results of applying the ray
method developed in Chapters 2 and 3 to the benchmark wedge problems. These
results were first reported in Ref. 4. Benchmark problems were proposed at a
Special Session for Underwater Acoustics at the 112th Meeting of the Acoustical
Society of America in Anaheim, California, 8-12 December, 1986.32 Their purpose
was to assess the validity and accuracy of propagation models currently in use.
In the case of the penetrable-bottom wedge, an analytical solution does not exist,
so only by comparing approximate solutions obtained from independent methods
is it possible to verify the correct solution. In Ref. 33 Jensen and Ferla compare
solutions from one-way and two-way coupled mode models and from two models
that solve the parabolic wave equation. These models are quite flexible in the
environmental geometries to which they can be applied, but they provide limited
physical insight into the problem. The ray approach not only constitutes an
independent method for solving the problem but, more importantly, provides the
user with a physical picture of the propagation paths and mechanisms.

One attractive feature of the ray model is that it provides detailed in-
formation about the various eigenrays (rays between source and receiver) that
contribute to the total field. The relative strengths of the eigenrays indicate
which paths and mechanisms of propagatioi, are significant and which are not.
For example, from the eigenray arrival angles one can determine whether the phe-
nomenon of backscatter is important. In a wedge, backscattered eigenrays have
paths that travel up the slope, past the receiver, and then back down the slope
before striking the receiver. This propagation in the "backward" direction is rele-
vant because some models are intrinsically unable to include such a phenomenon.
In fact, in Ref. 33 the difference (of 2 dH or less) betwee:n the one-wav and two-
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way versions of coupled mode theory is assumed to be due to backscatter. But in
Sec. 4-5 we will show that backscatter is definitely not a factor in the penetrable
wedge problems proposed.

Another practical aspect of wedge propagation addressed by the ray
model is the importance of the lateral wave field. The strengths of the vari-
ous lateral wave contributions to the field at a particular point can be evaluated
for lossy as well as lossless wedge bottoms. Besides the eigenray strengths, the
ray model also computes eigenray travel times, which indicate what the transient
response to a narrowband pulse would be. Since the lateral wave contributions
arrive earliest, their presence may be noticeable in the time domain even if their
amplitudes are much weaker than those of the waterborne eigenrays. When mea-
suring a transient signal in an oceanic wedge, comparisons of lateral wave arrivals
with ray model simulations might be used to determine the acoustic parameters
of the bottom.

The ray model differs from most numerical models in several key respects.
First, it is able to find the field in a pointwise manner; i.e., it is not based on
a marching algorithm that must find the field at all points between a particular
source and receiver. Thus, for applications where the field at only a handful of
points is desired, the ray approach is likely to be the most efficient. Second, the
ray model is more efficient at higher frequencies, and its memory requirements are
independent of frequency. Most numerical models require more computation time
at higher frequencies and are limited at high frequencies by the storage capacity
of the particular computer on which they are implemented. Further details on
efficiency considerations will be given in Sec. 4-4.

4-2 THE BENCHMARK WEDGE PROBLEMS

Three wedge problems were proposed as benchmarks. The first, which we
will not discuss, is the "ideal" wedge, which has a pressure-release bottom as well
as surface. The second two problems represent more realistic models for coastal
and continental shelf regions of the ocean, where the bottom is usually sandy. In
the second benchmark problem the bottom is penetrable but with no Zcttenuation,
while in the third problem the bottom possesses an attenuation of 0.5 dB/A.
The wedge geometry is shown in Fig. 4-1. The wedge angle is a = 2.860; the
frequency is 25 11z; the sound speeds in the water and bottom are c=1500 m/s
and cl=1700 mi/s, respectively, such that n = 0.88235 and 0, = 61.930; and the
density ratio is n = p1/p = 1.5. A point source is located 100 m below the
surface at a range where the total water depth is 200 in. Propagation loss is to be
calculated in the upslope direction along horizontal lines 30 in and 150 in below
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Figure 4-1 GEOMETRY FOR THE BENCHMARK WEDGE PROBLEMS PROPOSED BY THE Acous-

TICAL SOCIETY OF AMERICA.

the water surface. The horizontal range r extends from zero at the source to 4 km
directly below the apex of the wedge. At the depth of 30 m, receivers are in the
water for r < 3.4 km and in the bottom for r > 3.4 km. At the depth of 150 in,
receivers enter the bottom at a range r=1.0 km.

When the dimensions of the wedge are expressed in terms of the wave-
length A=60 m, one sees that this is indeed a low-frequency environment. The
total water depth decreases from just 3-1/3 A at the source to zero at the apex,
and the total horizontal range from source to apex is 66-2/3 A. If normal modes
are calculated at each range as though the water depth were constant (modes for
the Pekeris model), then at the source there would be just three trapped modes.
Mode 3 would be cut off at a range of r=0.81 kin, mode 2 would be cut off at
r=2.09 kin, and mode 1 would be cut off at r=3.36 km.

4-3 COMPARISONS BETWEEN MODELS

At the time the benchmark problems were proposed (December 1986) the
following propagation models that could be applied to range-dependent environ-
ments were available:3 3 (1) adiabatic normal mode models, (2) coupled normal
mode models [one-way and two-way versions], (3) models based on the parabolic
equation (PE) approximation [narrow or wide-angle formulations and split-step
or finite-difference implementations], (4) finite-difference solutions to the full wave
equation, and (5) finite-element solutions to the full wave equation. Solutions pro-
vided by the adiabatic mode models are not expected to be accurate due to the
simplifying assumptions on which the models are based. The P)E models should
be reasonably accurate, but their intrinsic limitation on the aiigular spectrum may
introduce error in a sloping environment. The finite-difference and linite-cleni'nt
methods should, theoretically, provide exact solutions, but according to Ref. 33



70

the existing programs were too computer intensive to apply to these problems.
The most accurate solution available is from a two-way coupled mode model,
originally developed by R. B. Evans,3'43 and run for the benchmark problems by
Jensen and Ferla.' There is also a one-way version of the coupled mode model
which is more efficient but which ignores propagation in the backward direction.

In this section we compare solutions from the ray model to solutions from
the two-way coupled mode model. The latter set of solutions was kindly provided
to the author by Dr. Finn B. Jensen of the SACLANT Undersea Research Center,
La Spezia, Italy, in March 1988. Comparisons between the ray model and the two-
way coupled mode model for the two receiver depths appear in Fig. 4-2 for the
lossless case (Benchmark 2) and in Fig. 4-3 for the lossy case (Benchmark 3).
The propagation loss in Figs. 4-2 and 4-3 is referenced to a field of 0 dB at 1 m
from a point source in free space. The overall agreement between the two solutions
is excellent. In all of the figures, the difference is less than 1 dB. The agreement
is especially good at receivers in the water, where the two methods differ by the
line thickness or less. The maximum difference of 1 dB occurs deep in the bottom
for the lossy case [Fig. 4-3(b)]. Since the methods used by these two models are
completely different, their close agreement strongly indicates that each is correct.

To calculate the field at the 400 points in each of the figures, the ray model
requires from 8 to 10 minutes on a Cyber 180-830 computer. Jensen and Ferla aa

report that the two-way coupled mode model (run on the FPS-164 array processor)
requires 24 hours for the Benchmark 2 cases and 8 hours for the Benchmark 3 cases.

4-4 ACCURACY AND EFFICIENCY CONSIDERATIONS

The accuracy of the ray model is governed by two separate factors: first,
the validity of the approximations that were introduced into the theoretical for-
mulation of the problem; and second, the accuracy with which the computer
algorithm calculates the ray fields given by the approximate integrals.

As discussed in Sec. 2-7.2, two approximations were introduced into the
derivation of the plane wave integral Eq. (3-9) for the ray field in a wedge: (1) the
substitution of the asymptotic form of the Hankel function and (2) the evaluation
of the v /Th term at the saddle point y and its subsequent removal from inside
the integral over 0. The ultimate result of these approximations was to separate
the ray spreading terms Go and Go in the two orthogonal directions. Since prop-
agation straight upslope (or downslope) does not introduce any coupling between
the ray tube spreadings in these two directions, there should be very little error
in this formulation.

As mentioned in Sec. 3- 5, we do not account for the field diffracted from
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the apex of the wedge. This field is produced by energy that travels directly from
the point source to the apex and is diffracted from the discontinuity in geometry
and boundary conditions there. The existence of the diffracted field is more easily
seen when considering wedges with angles greater than 1800, where the diffracted
field can be a significant part of the total field. In ocean environments, however,
the diffracted field should be insignificant because the wedge angles of interest are
typically small and the bottom is penetrable. The diffracted field should not be
confused with the backscattered field that consists of rays that travel up the slope,
"turn around," and travel back down the slope.

The accuracy with which the computer algorithm calculates the total
field can be controlled by the user of the ray model. For each receiver the pressure
amplitude of the direct path eigenray is used as a reference, and any eigenrays
suffciently weaker than this reference are discarded. The cutoff amplitude is taken
to be a certain number of dB (specified by the user) below the reference. For the
plots in Figs. 4-2 and 4-3, this "cutoff margin" was set to a very conservative
50 dB, which corresponds to ignoring any eigenray whose pressure amplitude is
less than 0.3% of the reference. Including such an eigenray would change the
propagation loss by just 0.027 dB. In practical cases, where one may choose to
iginore eigenrays that are weaker than 5% of te reference amplitude, a cutoff
margin of 26 dB would be specified. Including such an eigenray would change the
propagation loss by 0.42 dB. With a less stringent cutoff margin, fewer eigenrays
need to be found, and the computation time decreases accordingly.

The time required to find the field at a single receiver depends on the
number of significant eigenrays, which in turn depends on the receiver location.
At short ranges in the wedge, there are fewer significant eigenrays. Those with
a sufficiently large number of bottom interactions are weak because they strike
the bottom at steep (small) angles where only partial reflection occurs. At longer
ranges these eigenrays are significant because their bottom interactions are at
shallower (larger) angles where total reflection occurs with little or no loss. I'or
example, the field at a range of 0.5 km in Fig. 4-2(a) requires 5 seconds computa-
tion time and is composed of contributions from just 14 rays, having up to three
bottom interactions. Only seven of these rays are within 26 (113 of the strength of
the direct ray. In contrast the field at a range of 3 km requires almost 60 seconds
computation time aud is co:npose( of contributions frorn 71 rays (having up to
seven bottom reflections), of which 22 (having up to five bottom reflections) are
within 26 (lB of the reference strength.

Another factor that influonces the comiputation time is the frequency. At
higher frequencies the ray algorithin is inore eficient because the saddle point,
approximation to the it egral (rather than the numerical integ'gration along the
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path of steepest descent) can be used more often to evaluate the strengths of the
eigenrays. In this respect the ray model is unique since models based on normal
mode theory, the PE approximation, or the finite element method can become
computationally unfeasible at sufficiently high frequencies.

Finding the field at multiple receivers along a horizontal line is more
efficient than finding the field at each receiver separately. One reason is that an
eigenray found for one receiver can serve as an initial guess for the corresponding
eigenray at a nearby receiver. A second reason is that in order to use the more
efficient saddle point approximation to the integral for the eigenray strength, one

must first verify its accuracy by comparing it with the result from numerical
integration. With just one receiver the numerical integration method must be
used all the time. A final reason is that eigenrays weaker than the cutoff level
need to be found and evaluated before they can be recognized as being too weak.
For examnple, in the field calculation at the single range of 3 km, 91 eigenrays were
actually found, even though only 71 were within 50 d13 of the reference strength.
For a multiple-receiver computation, the algorithm recognizes that the 20 rays
that are too weak do not need to be found at the other receivers.

Increased efficiency is also realized by interpolating eigenrays in range.
The field due to a single type of eigenray, specified by its number of surface
and bottom reflections, is quite smooth. (It is only when the fields di- to rays
of different types are added together that the complicated interference patterns
evident in Figs. 4-2 and 4-3 emerge.) Consequently, it is possible to find eigenrays
exactly at fairly large range intervals and then fill in the intermediate points
by interpolating eigenray characteristics such as travel time and geometric loss.
Interpolation of eigenrays as a function of frequency can also be used to greatly
reduce the computation cost of simulating the propagation of broadband pulses.

Eigenray interpolation resulted in a significant improvement in efficiency
when Figs. 4-2 and 4-3 were produced. Eigenrays were found exactly at range
intervals of 120 in, but interpolation was used to narrow the interval to 10 m.
Thus, the "exact," field was computed at only 1/12 the number of total points.
We estimate that the total number of eigenrays required to calculate the field at
the 400 pointts in Fig. 4 2(a) is on the order of 20,000. lsing the interpolation
schemuie, onilv 170(0 of thiese ed to be fond and evaluated .

4-5 AN \LYSIS OF TIlE FIELD IN TIlE WEDGE

Anl at tractiv e feat ure of lie raY modl' is tIat it pilvidhs ;.)hysical iHisighit
into how% aC'OuSt i euiergy t rav<ls fi'ui so(,l'I to re'ceiVr. 11I ('achi rec'iver posit iOn
iii the w ( (g, thi rav iodel tnpiles a list of +ii luira. \, tlhat (oitrilite to tlie
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total field. Mathematically, each eigenray corresponds to a saddle point in the
complex 9-plane. Geometric interpretation of the quantities associated with the
saddle point yield eigenray characteristics such as departure and arrival angles,
geometric spreading loss, reflection and transmission loss, and ray travel time (see
Sections 2-7 and 3-5). In this section several issues of acoustic propagation in a
wedge will be addressed by analyzing the field in terms of eigenrays.

4-5.1 Characteristics of eigenrays in the wedge

As an example of the eigenray information available, the eigenrays for the
receiver at a range of 3 km in Fig. 4-2(a) are given in Trables 4-1 and ,4 -2. Table I I
lists the reflected rays while Table 4- 2 lists the lateral wave rays. For brevity, (ny
those rays with six or fewer bottom reflections are included in Table .1- 1. ays
with more reflections are at least 26 d13 weaker than the direct ray. In Tale .1 2,
only lateral waves with four or fewer bottom reflections are included.

One interesting observation from Table 4-1 is that rays with one partial
reflection are still quite strong (rays 15-18 are within 3-S dB of the direct ray).
This indicates that partally reflected energy, corresponding to untrapped or "vir-
tual" modes, cannot be ignored in wedge environments. We also see that each
additional partial reflection results in a loss of 10-11 dB3. Another observation is
that the eigenray arrivals are quite close together in the time domain. Hays with
up to six bottom reflections arrive within four periods of the direct arrival. This
is an indication that the field due to the interference between many ray arrivals
can be described in terms ef just several normal modes.

From Table 4-2 we see that there are a very large number of lateral wave
ray arrivals, but that very few of them are significant compared to the direct ray.
The reason for the large number is that a lateral wave is excited whenever energy
is incident on the interface at angles close to the critical angle (0, = 620 in this
case). The transmitted energy travels in the bottom parallel to the interface and
continuously reradiates energy back into the water at an angle near 0,.. In a
wedge, a great number of lateral waves are excited by energy that has undergone
different numbers of surface and bottom reflections (see, for example. Fig. I of
Ref. 21). There may be as niy as N,, different lateral wave eigenrays having .h
bottom interactions. From Table-t 2 we see that he strongest lateral wave ray"
(ray 22) is about 1H d i weaker than the direct ray. It arrives very close ii t 1i1e

to the reflected ray with the sai ie path (ray 1 in TliTable 4 1. The reflected ray
is the last one that ((es not undergo aniy )artial reflect iors. The earliest lateral
wave ray (ray I) arrives almost fie jrio,, bef, tlie direct arrival. Althlgh it
is 35 (Ib w ,akr, its tvinimral S.l)aratloil froi tih st rilger arrivals can miiake it
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Table 4-1 LIST OF THE REFLECTED EIGENRAYS AND THEIR CHARACTERISTICS FOR THE RE-

CEIVER AT A RANGE OF 3 KM IN FIG. 4-2(a). INITIAL DIRECTION, d,, SPECIFIES WHETHER

THE RAY LEAVES THE SOURCE IN AN UPWARD (U) OR DOWNWARD (D) DIRECTION. ALSO

GIVEN ARE THE NUMBER OF SURFACE AND BOTTOM REFLECTIONS, N, AND Nb; THE NUMBER

OF BOTTOM INTERACTIONS AT WHICH PARTIAL REFLECTION OCCURS, Np; THF AMPLITUDE

OF THE RAY A IN dB; THE ANGLES OF INCIDENCE AT THE FIRST AND LAST BOTTOM INTER-

ACTIONS, Of AND 01; THE LOSSES DUE TO GEOMETRIC SPREADING, Aq, AND REFLECTION,

A,; AND THE TRAVEL TIME r, EXPRESSED IN NUMBER OF PERIODS OF TilE 25 |IZ WAVE AND

REFERENCED TO THE ARRIVAL OF THE DIRECT EIGENRAY.

ray d, N, Nb N, Of 0, A Ag A T 7
1 U 0 0 0 - - -69.5 -69.5 0.0 0.00
2 U 1 0 0 - - -69.6 -69.6 0.0 0.03
3 D 0 1 0 86.6 86.6 -69.6 -69.6 0.0 0.01
4 U 1 1 0 82.8 82.8 -69.6 -69.6 0.0 0.09
5 D 1 1 0 85.4 85.4 -69.6 -69.6 0.0 0.11
6 U 2 1 0 81.7 81.7 -69.7 -69.7 0.0 0.26
7 D 1 2 0 83.7 78.0 -69.7 -69.7 0.0 0.20
8 U 2 2 0 80.0 74.3 -69.8 -69.8 0.0 0.39
9 D 2 2 0 82.6 76.9 -69.8 -69.8 0.0 0.43

10 U 3 2 0 79.0 73.3 -69.8 -69.8 0.0 0.68
11 D 2 3 0 81.0 69.6 -69.8 -69.8 0.0 0.59
12 U 3 3 0 77.2 65.8 -69.6 -69.6 0.0 0.88
13 D 3 3 0 80.0 68.6 -69.8 -69.8 0.0 0.95
14 U 4 3 0 76.1 64.7 -69.6 -69.6 0.0 1.29
15 D 3 4 1 78.5 61.3 -72.9 -67.0 -5.9 1.20
16 U 4 4 1 75.3 58.1 -75.0 --66.9 -8.1 1.61
17 D 4 4 1 77.8 60.7 -73.6 -67.1 -6.5 1.69
18 U 5 4 1 74.3 57.1 -77.3 -67.8 -9.6 2.14
19 D 4 5 2 77.3 54.4 -81.3 -66.2 -15.1 2.05
20 U 5 5 2 73.9 51.0 -86.3 -66.8 -19.5 2.54
21 D 5 5 2 76.5 53.6 -82.1 -66.4 -15.7 2.63
22 U' 6 5 3 73.3 50.A -87.' -66.8 -20.6 3.19
23 D 5 6 3 76.0 47.4 -91.7 -65.9 --25.8 3.06
21t T 6 6 .1 72.9 4.1.3 -)7.7 -66.6 -31.2 3.65
25 1) 6 6 3 75.2 16.6 93.7 -66.9 26.8 3.74
26 " 7 4 7 2. 13.8 98.8 66.8 32.0 4.38
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Table 4-2 LIST OF THE LATERAL WAVE EIGENRAYS AND THEIR CHARACTERISTICS FOR THE

RECEIVER AT A RANGE OF 3 KM IN FIG. 4-2(a). SEE TABLE 4-1 FOR AN EXPLANATION OF

THE EIGENRAY CHARACTERISTICS.

ray d, No Nb N, Of Oj A Ag A,. r
1 D 0 1 0 61.9 61.9 -104.0 -104.0 0.0 -4.96
2 U 1 1 0 61.9 61.9 -102.0 -102.0 0.0 -3.54
3 D 1 1 0 61.9 61.9 -103.5 -103.5 0.0 -4.44
4 U 2 1 0 61.9 61.9 -101.4 -101.4 0.0 -3.02
5 D 1 2 0 67.7 61.9 -98.9 -98.9 0.0 -2.27
6 D 1 2 1 61.9 56.2 -109.6 -103.2 -6.4 -4.07
7 U 2 2 0 67.7 61.9 -95.9 -95.9 0.0 -1.16
8 U 2 2 1 61.9 56.2 -107.5 -101.1 -6.4 -2.65
9 D 2 2 0 67.7 61.9 -98.2 -98.2 0.0 -1.76

10 D 2 2 1 61.9 56.2 -109.1 --102.7 -6.4 -3.47
11 U 3 2 0 67.7 61.9 -94.9 -94.9 0.0 -. 64
12 U 3 2 1 61.9 56.2 -106.9 -100.5 -6.4 -2.05
13 D 2 3 0 73.4 62.0 -90.7 -90.7 0.0 -. 20
14 D 2 3 1 67.7 56.2 -104.2 -97.8 -6.4 -1.38
15 D 2 3 2 61.9 50.5 -117.2 -102.3 -14.8 -3.05
16 U 3 3 0 73.5 62.1 -85.2 -85.2 0.0 0.60
17 U 3 3 1 67.7 56.2 -100.9 -94.5 -6.4 -. 27
18 U 3 3 2 61.9 50.5 -115.0 -100.2 -14.8 -1.63
19 D 3 3 0 73.4 62.0 -89.4 -89.4 0.0 0.31
20 D 3 3 1 67.7 56.2 -103.5 -97.0 -6.4 -. 79
21 D 3 3 2 61.9 50.5 116.7 -101.9 -14.8 -2.37
22 U 4 3 0 73.6 62.2 83.5 -83.5 0.0 1.12
23 U 4 3 1 67.7 56.2 -99.9 -93.5 -6.4 0.33
24 U 4 3 2 61.9 50.5 -114.4 -99.6 -14.8 -. 95
25 D 3 4 1 73.4 56.3 -95.3 -89.0 -6.3 0.69
26 D 3 4 2 67.7 50.5 -111.4 -96.6 -14.8 -. 36
27 D 3 4 3 61.9 44.8 -125.9 --101.6 -24.3 1.90
28 U 4 4 1 73.6 56.5 -89.5 -83.8 -5.7 1.50
29 U 4 4 2 67.7 50.5 -107.8 -93.0 -14.8 0.75
30 U 4 4 3 61.9 44.8 -123.6 99.2 -24.3 -. 18
31 D 4 4 1 73.5 56.3 -94.0 87.7 -6.3 1.29
32 D 4 4 2 67.7 50.5 -110.7 95.9 14.8 0.32
33 D 4 4 3 61.9 44.8 -125.5 101.1 24.3 1.15
34 U 5 4 2 67.7 50.5 -106.9 92.1 -14.8 1.43
35 U 5 4 3 61.9 44.8 -123.0 98.7 24.3 0.27
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detectable when the source is a transient pulse.
Althouth the lateral wave eigenrays are weaker in the presence of bottom

attenuation, it is still necessary to include them to obtain an accurate solution.
Along the interface, lateral wave rays travel at the speed of sound in the bottom
and are attenuated according to the attenuation in the bottom. The eigenray list
for Benchmark 3 shows that ray I from Table 4-2 suffers an additional 23 dB loss
due to the attenuation of 0.5 dB per wavelength A in the bottom. This translates
to a path length along the interface of 46A or 2.76 km, which is reasonable for
a receiver at a total range of 3 km. The strongest lateral wave ray in Table 4 2
(ray 22) is reduced by 6 dB as a result of attenuation, which makes it 20 dHl
weaker than the direct ray. Ignoring such a ray would have a noticeable effect on
the total propagation loss.

4-5.2 Eigenrays in the bottom

The eigenrays that make up the total field at a receiver in the bottom
are listed in Table 4-3. The receiver is at a range of 3.45 km and a depth of 30 in;
it lies about 2.5 m, or 0.042A, below the interface. Only eigenrays with 7 or fewer
bottom reflections are included in the table. The number Nb does include the final
bottom interaction at which transmission (or evanescent leakage) takes place. The
four types of rays (see Sec. 2-8.2) listed in Table 4-3 are: "TR" for transmitted,
"LW" for lateral wave, and "EV" for evanescent. The two rays labeled "EV 2"
represent additional evanescent ray saddle points and are described in Sec. 2-8.2.

Some general characteristics of the eigenrays in Table 4-3 will now be
described. In upslope propagation the evanescent rays have total reflections at
all of their bottom interactions. At a fixed receiver, the strongest evanescent
eigenray (ray 20) is the one with the most reflections and the steepest angle.
Compared to the transmitted rays with the same ray path, the evanescent rays
arrive later due to the fact that more of their paths are in the slower medium.
This is most apparent for the rays that travel direct from the source into the
bottom: evanescent ray 2 arrives 6 periods later than transmitted ray 1. For the
present case, where the receiver is very close to the interface, the evanescent rays
are stronger than the corresponding transmitted rays. For receivers deeper than
several wavelengths, the evanescent rays are typically negligible.

The lateral wave rays listed in Table 4-3 arise from energy that undergoes
a lateral wave reflection and then a subsequent transmission into the bottom. For
example, rays 9 aind 12 are rellect,.d as lateral waves at the critical angle0,, = 61.90
on their first bottom interaction and are transmitted into the bottom on their
second bottom interaction at angle 0(,. - 2o = 56.2'. Rays 15 and 18 have total
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Table 4-3 LIST OF EIGENRAYS AND THEIR CHARACTERISTICS FOR THE RECEIVER IN THE

BOTTOM AT A RANGE OF 3.45 KM IN FIG. 4-2(a). SEE TABLE 4- 1 FOR AN EXPLANATION

OF THE EIGENRAY CHARACTERISTICS.

ray type d, N. N6 N,, Of 9  A Ag A, T

1 TR D 0 1 1 61.9 61.9 -105.6 -111.6 6.0 .00
2 EV D 0 1 0 86.6 86.6 -83.9 -77.5 -6.4 6.01
3 EV 2 D 0 1 0 91.2 91.2 9.4.7 -82.0 -12.7 5.97
4 TR U 1 1 1 61.9 61.9 -10-1.1 -110.1 6.0 1.42
5 EV U 1 1 0 84.2 84.2 -76.8 -73.6 3.1 6.04
6 EV 2  U 1 1 0 90.4 90.4 --102.3 -86.1 -16.2 5.80
7 TR D 1 2 1 67.6 61.9 --101.7 -107.7 6.0 2.69
8 EV D 1 2 0 85.9 80.2 --71.8 7:3.0 1.2 (.07
9 LW D 1 2 1 61.9 56.2 -102.9 --106.3 3.A .19

10 TR U 2 2 1 67.6 61.9 99.4 -105.5 6.0 3.80
11 EV U 2 2 0 82.7 77.0 -69.7 -72.5 2.8 6.15
12 LW U 2 2 1 61.9 56.2 -101.2 -10.1.6 3.4 1.91
13 TR D 2 3 1 73.4 61.9 -95.7 -101.7 6.0 1.75
14 EV D 2 3 0 84.2 72.8 -68.0 --72.5 .1.6 6.22
15 LW D 2 3 1 67.7 56.2 -98.6 -101.9 3.4 3.17
16 TR U 3 3 1 73.4 61.9 -91.9 -97.9 6.0 5.55
17 EV U 3 3 0 81.0 69.6 -66.9 -72.2 5.3 6.36
18 LW U 3 3 1 67.7 56.2 -96.0 -99.4 :3.4 1.29
19 TR D 3 4 1 79.1 62.0 -85.2 -91.2 3.9 6.18
20 EV D 3 4 0 82.5 65.4 -65.8 --72.1 6.3 6..17
21 LW D 3 4 1 73.4 56.2 -92.0 -95.4 3.4 5.24
22 TR U 4 4 1 79.0 61.8 -66.3 -70.1 3.9 6.64
23 LW U 4 4 1 73.4 56.3 -87.7 -91.2 3.4 6.041
24 TR D 4 5 1 81.0 58.1 -67.0 --69.6 2.6 6.82
25 LW " 4 5 1 79.4 56.5 -80.7 -84.3 3.7 6.69
26 TR U 5 5 2 78.3 55.4 -71.0 -68.1 2.8 7.10
27 LW U 5 5 2 73.A 50.5 -9-1.0 -90.1 3.5 6.59
28 TR D 5 6 2 80.1 51.5 -75.3 -68.2 7.1 7.31
29 LW D 5 6 3 73.AI 4-1.8 106.3 -9.1.0 12.3 6.12
30 TR U 6 6 3 77.7 49.1 79.1 -67.5 11.6 7.6-1
31 LW U 6 6 3 73.4 1.-8 101.S 89.7 12.2 7.22
32 'IT I) 6 7 :3 79.6 45.3 8.1.7 67.0 17.8 7.90
33 LW 1) 6 7 4 73..1 39.1 115.1 93.1 21.9 7.11
3, TIR 13 7 7 .1 77.2 12.9 88.9 67.2 21.7 8.26
35 LW V: 7 7 1 73.1 39.1 1 1W.s 89.0 21.8 7.91
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reflections at 0, + 2a = 67.70 on their first interaction and then follow the type of
path just described. Rays 21 and 23 undergo two total reflections, followed by the
lateral wave reflection and subsequent transmission, while ray 25 undergoes three
total reflections before the lateral wave reflection and subsequent transmission. As
a last example, ray 27 undergoes two total reflections, a lateral wave reflection, a
partial reflection, and then a transmission into the bottom. Most of the lateral
wave rays are weak, but the strongest one from Table 4-3 (ray 25) has a strength
of -80.7 dB, which is just 15 dB weaker than the strongest ray on the list (ray 20).
The multiplicity of lateral waves is an indication of the complexity of the field in
the bottom.

The strongest transmitted (TR) rays listed in Table 4-3 are those having
four and five bottom interactions. Ray 22 is within 0.5 dB of being the strongest
ray at the receiver. Transmitted rays with few bottom interactions (rays 1 and 7,
for example) strike the bottom on their last interaction at angles near 0, pen-
etrate at very shallow angles, and suffer much loss due to geometric spreading
(A.). Those with many bottom interactions (rays 30 and 34, for example) suffer
much loss due to multiple partial reflections (A,).

4-5.3 Backscatter

An important issue in the penetrable wedge problem is the phenomenon
of backscatter. Backscattered energy corresponds to rays that leave the source
traveling upslope and eventually strike the receiver traveling downslope. The
change in direction occurs as the result of multiple reflections off the sloping
bottom. A backscattered eigenray is easily recognized as one that has a negative
incident angle at its last bottom reflection (O in Tables 4-1 and 4-2). A brief
analysis of the eigenrays at various ranges indicates that backscatter is totally
insignificant for the penetrable wedge problems. For the receiver at a range of
3 km in Fig. 4-2(a), the steepest eigenray within 50 dB of the reference strength
arrives at an incident angle of 330. From Table 4-1 we see that the steepest
eigenray within 29 dB arrives at 43.80 (ray 26). It is only at very short ranges
(less than 0.1 km) that eigenrays traveling vertically are significant.

Using the image method it is easy to find the approximate path of the
eigenray that would arrive at the receiver traveling vertically. In Fig. 4-4 we see
that the image sources in a wedge lie on a circle centered at the apex. The ray
arriving vertically at the receiver is imaged backwards to the closest image source
on the circle. From geometry this image source lies approximately at the angle 13
given by

ii = arccos(IA/SA) (4-1)
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The approximate number of bottom reflections experienced by the first backscat-
tered ray is then Nb = 0/2a. For the receiver at 3 km, # = 750 and Nb = 13
bottom reflections. Since the final reflection is at an incident angle close to 00
and the critical angle is at 620, the last ten reflections are at angles steeper than
critical (620 + 2a z 10). With about 11 dB loss at each partial reflection, it is
clear that the backscattered eigenrays are negligible for the present case.

Although backscatter is not a factor for the typical water-sand coastal
wedge specified in the benchmark problem, the previous analysis indicates the
conditions under which backscatter may be a factor. First, in a wedge of larger
angle a, fewer reflections are required to make a ray "turn around." Second,
a wedge with a higher velocity bottom has a smaller critical angle of incidence,
resulting in fewer partial reflections at the bottom interface. Arid finally, backscat-
tered rays experience less loss when the wedge bottom has less attenuation.

4-6 CONCLUSIONS

The excellent agreement between the ray model and the two-way coupled
mode model is strong evidence that both are capable of predicting the acoustic
field in a realistic penetrable wedge with an error that is typically much less than
1 dB. The ray model is unique in that it expresses the total field at a point as a sum
of ray fields. From a list of eigenrays and their characteristics, the user can gain
much insight into the relative importance of the various paths and mechanisms of
propagation. Unlike most other models, the ray model is more efficient at higher
frequencies and is able to find the field at a single point without the need to march
through the entire region between the source and receiver.

For the realistic wedge problems that were proposed as benchmarks, an
eigenray analysis demonstrates conclusively that backscatter is not a significant
mechanism of propagation. This raises a basic question regarding the one-way and
two-way versions of coupled mode theory. The intuitive assumption has been that
the one-way version neglects energy propagating in the "backward" direction, so
that the difference between the two versions is due to the phenomenon of back-
scatter. However, in the benchmark wedge problems the absence of backscatter
calls into question the reason for the difference of up to 2 dB between the one-way
and two-way solutions observed in Figs. 5 and 9 of Ref. 33.

The two-way coupled mode niodel has already been shown to be in good
agreement with the anaytical solution for the ideal wedge (one having perfectly
reflecting boundaries). 6 However, propagation in a pcnetrablc wedge is quite dif-
ferent in that the reflecti,n process at the bottom is very complex. For example,
the entirely new mechanism of lateral wave proiagatioi is introduced, and there
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exists a complicated field in the bottom of the wedge that is generated not only
by transmission but also by evanescent leakage of totally reflected energy. With
such a profound difference between the two problems, it is not clear that the va-
lidity of a model for one necessarily guarantees its validity for the other. Thus,
the corroboration of the two-way coupled mode model by the ray model for the
penetrable wedge is an important result.



CHAPTER 5

THE THREE-DIMENSIONAL WEDGE PROBLEM

5-1 INTRODUCTION

The three-dimensional wedge problem is the saiie as that considered ill

Sec. 3-5 and Chapter 4 except that the receiver is not required to lie straight
upslope or downslope from the sorce. Detailed theoretical work ol this type

of geometry has dealt mainly with the special case of perfectly reflecting surface
and bottom boundary conditions, a case we shall call the "ideal wedge." In the
works of Bradley 37 and Bradley and Hudimac,3

1 the authors provide a general
review of the literature on the ideal wedge, going back to Sommerfeld's classic
work.39 They go on to present both the ray and mode formulations Gf the problem
as applied to underwater acoustics and to provide approximate mode solutions
for various source-receiver configurations. Buckingham4 ° derives a similar normal
mode formulation but obtains solutions with a more extensive range of validity.

In Ref. 41, Weston studies the phenomenon of horizontal refraction in a
wedge, where ray paths, as viewed from above, are bent due to repeated reflections
at the wedge surface and bottom. lie derives some geometrical characteristics of
ray paths in a wedge and qualitatively analyzes the effects of a more realistic
bottom possessing attenuation. Harrison 42 analyzes shadow zones in three dimen-
sional environments by restricting ray elevation angles to the discrete values that
correspond to the angles associated with the norin.1 modes at the source. Ill the
work of Doolittle, et al.,4 experimental evidence of horizoital refraction is given.
Hay theory and Buckingham's normal inode teclinique are used to analyze the
data theoretically. Although the existence of a three-diiensioial iiodel based on
the parabolic equation approxiniation"4 was noted, the model was not available
for ust-.

Ii this chapter we apply the ray methods developed earlier to liind the
field in tHie three-dinensional wedge. We lind thiat, the dependence of a ray's
Iid(ent angle at the hottoi i on both angular variables 0 and 0 preveiits the

84



85

integral over q$ from being performed analytically. An approximate method of
solution is proposed.

5-2 DERIVATION OF THE PLANE WAVE INTEGRAL

The geometry for the three-dimensional wedge problem is illustrated in
Fig. 5-1(a). The z = 0 plane contains the ocean-air interface, the y-axis is the
shoreline or wedge apex, and the ocean bottom makes an angle a with the sur-
face. The source lies in the y = 0 plane at (x,,0, z.), and the receiver lies at
(X7 ,yr,zr). The system of imaged sources is illustrated in Fig. 5-1(b). As ill
the two-dimensional problem of Sec. 3-5, the images lie on a circle centered on
the wedge apex, and each line, of length R1 , connecting an image source to the
receiver represents a ray path of classical ray theory. The direction of the line is
specified by the angles 00 and do, obtained by translating the line to the origin
and defining the usual polar angles 0 and 0 as in Fig. 5-1(a). For an image source
at coordinates (x,,O, z,), the three quantities associated with the ray path are
computed from simple geometry:

R. = X/(X - X.,) 2 + y2 + (Z7 - (5-la)
cos 0 = z-z, 0<00<7r (5-1b)

R,

cos o0  - Xs' sin o= Yr O<¢o<r , (5-ic)
r r

where r - x,1 2 + y .

The field at the receiver due to a given ray path is constructed by return-
ing to the expression in Eq. (2-16), rewritten here for convenience:

p(x,ez) = e'kR1  ik f[ o 2 ei(kx.+kj+zz) sin0dOdO z > 0 (5-2)

R, 27r eoJ =0

Equation (5-2) expresses the field at receiver position (x, y, z) due to a point source
at the origin as an integral over plane waves. Translating the source position
from the origin to (x',O,, ,), setting the receiver position to (X',,,,Z), and
substituting for k,, ku, and k, from Eqs. (2-13), we rewrite Eq. (5 2) as

p(Xr,yr,zr) =i o o o sinOdodO (5 3)

where

4P(0,0) = k{sin 0[(x, - xe,) cos € + Y, sill 0] - (Z, - z,,)cosO) (5 1)
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Introducing 4o from Eq. (5-Ic) into the expression for 4), we obtain

= k[rsin0(cosocos+sin osin )+zcos0] (5-5)

= k[rsin0cos(4'-0o)+zcos0] (5-6)

After substituting r = R, sin 00 and z = R, cos 00, we finally express 4 as

4P(0, ) = kRl[sinOosin0cos(O - 4o) + cos00 cos 0] . (5-7)

The next step is to multiply the integrand of the plane wave integral
Eq. (5 -3) by the appropriate plane wave reflection coefficients. In order to find
the angle of incidence with which a given plane wave strikes a given interface, we
use the direction cosine representation of a vector i7:

j (cos /31 , CosOY , cos'z)

where k3, is the angle between 6 and the positive x-axis, and /3y and f, are defined
analogously. The angle V, between vectors 61 and ,*2 is then given by

cos = 61 i 2  . (5-9)

From simple geometry, it can be shown that the direction cosine repre-
sentation of the ray with angles 0 and 0, as shown in Fig. 5-1(a), is

9,y(0, 0): (sin 0cos@ , sin 0sinq , cos0) . (5-10)

This ray is perpendicular to the wave fronts of the associated plane wave. We also
require the representation of the normals to the interfaces. For tile jth bottom
reflection (as counted from the receiver), the normal to the imaged ocean bottom
has dircction cosines

T, (sin[(2j - 1)aj , 0, ± cos[(2) - I)a]) (5-11)

Ihe positive sign is takcin for imaged bottoms that lie below the z 0 plane
(rays traveling upward at the receiver), and the negative sign is taken for imaged
bottoms that lie above the : = 0 plane (rays traveling downward at the receiver).
The signs are taken so that the normal to each interfacc points in the same direc-
tion as the passage of the ray from source to receiver (--r/2 < (j < 7r/2). From
L1 . (5 9), the incident angle ,, of a plane wave, with angles 0 ard 0, at t ie jt h
b o ttoi rcliedlion is then given by

(os (O, ,) = Sin Oco, Osin[(2j - 1)o] ± (osOos[(2j - 1), (5 12)
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Note that 0j = 0 -(2j - 1)a for the two-dimensional wedge problem, where
cosq0= ±1.

We now construct the integral representation of the ray field in the three-
dimensional wedge for the ray path with N. surface reflections and Nb bottom
reflections. To do so, we multiply the integrand of Eq. (5-3) by the reflection
coefficients V evaluated at the angles 0j given in Eq. (5-12):

. .ik I f - . V 6

p(Oo,4o,Ri) = (- 1 )N . _ ]_=e'' ' (i'i V[0,j(0,0S1)sin0dd ,
2 10=0 j=1

(5-13)
where 4 is given in Eq. (5-7). Unlike the two-dimensional case, we cannot per-
form the integration over q0 analytically because the incident angles Oj are now
dependent on q0 as well as 0. This dependence is an indication that the spreading
factors of the ray tube in the 0- and 0-directions are not independent.

As we have done with the previous plane wave integrals, we move the
reflection coefficient terms into the exponential factor and write

p(0o,Oo, R)(- i)N. J2 J1ed](0O) sin 0 do d0 (5-14)
T =0 =0

where

p = kRj (5-15)

(0,0) = i[sin 0osin 0 cos(0- 0o) + cos00cos0]

I Nb
+T R- lnV[ikj(O,0)] (5-16)

1j=1

Note that the phase function f is now a function of two angular variables 0 and 0.
Application of the method of steepest descent in this case is not straightforward
because (1) there are two variables of integration and (2) all of the limits of
integration are not infinite.

5-3 AN APPROXIMATE METHOD OF SOLUTION

We now propose an approximate method for evaluating the ray field given
in Eq. (5-14). The first step is to find all the saddle points of the function f in
Eq. (5-16), where a saddle point now consists of a pair of possibly complex angles
defined by

O == 0 at 0 = -y,= X. (5-17)

505
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In order to be able to perform the integration over 4? for each saddle point, we
evaluate the reflection coefficient terms at 0 = X and take them outside the
integral over 4,. This approximation yields the integral

p(Oo,,o, RI) =(_,))N, k -100 {2~ eikRI sin 80 sin Occ"(0&0) dO?1. { 1 Nbo

exp kRI I cosOo cos 0 + R In Vi,,(0,x)J sinOdO

(5-18)

and allows the integral over 4, to be performed analytically as in Eq. (2- 22). At
this point, the remainder of the derivation given in Sec. 2-2 follows. The result
is an expression very similar to that constructed for the two-dimensional wedge
problem in Eq (3-9), except that the reflection coefficients are evaluated at angles
0., which depend on the saddle point angle X:

Te ' [ to k R I ( 0
p(Oo,4,o,R 1 ) = (-I)NG, e r Ji+z o expkicos(O-o)

1Nb+ EIn V[O, (0, x)]}j dO (5- 19)

k j=I

This integral may be solved using the same saddle point methods used in Sec. 3-5
for the two-dimensional wedge.

A problem arises, however, when applying the saddle point method to
Eq. (5-19), where the function f has the form

1 Nb
f(O)=icos(O-Oo) + - In V[O!,(0,X)] (5-20)

kRI =

Note that the saddle point -/ found from the function f in Eq. (5-16) is a saddle
point for f in Eq. (5-20) only if X = 0. This condition may not be satisfied
exactly, especially if the eigenray undergoes displacements at the bottom. We
could find a new saddle point -y for f, or we could keep the old saddle point from
f by replacing f in Eq. (5-20) by

f(0) j(0, = x) = i[sinOosin0cos(k - Oo) + cos 00 cos 0]

I Nb
+ - E In V [V,,(0,x)] (5 21)kRI =
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The latter choice appears to make more sense since the saddle points 'f and X that

satisfy the original saddle point criterion are preserved.
Some of the details of the calculations required for this problem will now

be siven. To find the saddle points defined in Eq. (5-17), the partial derivatives

of f in Eq. (5-16) must be calculated. The required expression are

Of
TO i~sin 0cos 0cos( - 00) -cos 00sin 01

1 NbV'[4'(0.€)] 0kj
+ 2 TINvj(0,0)] 80i (5-22)

kRj=1 l j0,) 9

Of Nb V'[jV,(0,€) aV) (5
]. -isin0osin0sin(tO-0o) + k . V[4'(0,-) , (

where the partial derivatives of 0.s, obtained from Eq. (5-12), are:

11 0_ = - (cos 0 cos € sin[(2j - 1)a] F sin 0 cos[(2j - 1)a])/sin 4 )

0' = . ~b (5-25)
Og, j = (sinOsinqssin[(2j- 1)a)/sinOj (5-25)0

The algorithm for finding saddle points would use Taylor series expansions of a
function of two variables rather than one.

5-3.1 An analysis of the approximation

By removing V[oj(0, 0)] from the integral over 0 in Eq. (5-18), we are
effectively ignoring any coupling between ray-tube spreading factors in the 0- and

-directions. In reality, this coupling does occur for rays that do not travel straight
upslope or downslope (those not confined to the y = 0 plane in Fig. 5-1). Coupling
between ray-tube spreading factors corresponds to the phenomenon known as
horizontal refraction, where the path of a ray as viewed from above the ocean
surface appears to bend as the ray undergoes successive reflections. Horizontal
refraction occurs when a ray's plane of incidence (the plane containing the ray
and the normal to the interface) changes at successive bottom interactions. The
approximation we have introduced may result in errors in the calculation of the
two eigenray spreading factors Go and G, defined in Sec. 2-7.1, but the eigenray
paths themselves are not affected since the full, two-dimensional saddle point
criterion in Eq. (5-17) is used.

The validity 3f the approximation made to arrive at Eq. (5-18) depends
on how strongly V varies with 0 in the neighborhood of the saddle points -t and
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X. Since V' is large in the neighborhood of the critical angle, the approximation
is potentially poorest when an eigenray undergoes a lateral wave reflection on one
of its bottom interactions (where 0. ; 6,). But since the lateral wave rays make
up a small part of the total field, slight errors in their evaluation should not harm
the total calculation significantly. It should a!so be noted that when propagation
is mainly upslope or downslope, 10j does not vary significantly with 4 (as will
be shown in the next paragraph), so the lateral wave calculations should exhibit
smaii errors for these cases.

For the more important rays that have saddle points somewhat removed
from 0,, the validity of the approximation introduced in Eq. (5-18) depends on
how strongly the incident angles 0j vary with 4. Thus, the magnitude of 09p 1i/d4
from Eq. (5-25) should be small. We see that this is true when* (1) - is small,
(2) X is small, or (3) (2j - 1)a is small. Again, the second condition is satisfied
for mainly upslope or downslope propagation. The third condition, which holds
for small wedge angles and few bottom reflections, can be satisfied even in the
cross-slope case; for example, if 0, is not small and the range between source and
receiver is not too large, then eigenrays with large Nb are not important because
they suffer multiple partial reflections.

In cases where eigenrays undergo significant horizontal refraction, the
approximation we have outlined here may not be acceptable. In such cases, it
appears that a two-dimensional integration must be performed. One problem
that arises when attempting to formulate the integrals in terms of the saddle point
method is that the limits of integration in Eq. (5-14) are not infinite. When the
integral over 4 cannot be performed analytically, it appears difficult to manipulate
the integral over 0 such that the contour starts at -r/2 + too instead of 0. It
remains to be investigated if the method of steepest descent can be applied to the
integral whose contour starts at 0.

*The denominator of Eq. (5- 25) can make Oli/o9o large only if ¢,j is close to zero. lnt, this
condition implies that the eigenray must be traveling straight upslope or downslope, in which
case we have shown that the approximation is valid.



CHAPTER 6

THE MODELING OF A DIRECTIONAL SOURCE

6-1 INTRODUCTION

The methods described herein for modeling a uniform acoustic point
source may be extended to a directional source by allowing the spatial coordi-
nates of the point source to take on complex values. It was first observed by
Deschamps4" that the solution exp(ikRi)/RI to the Helmholtz equation represents
the field of a Gaussian beam when the distance R, is calculated from a complex
source position to a real receiver position. By analytic continuation, known exact
or asymptotic solutions to point source problems can then be extended to direc-
tional source problems by simply introducing the appropriate complex quantities.
This method is used in Refs. 46 and 47, where asymptotic forms for the reflection
and transmission of electromagnetic beams at a dielectric interface are given and
discussed.

6-2 THE FIELD DUE TO A COMPLEX POINT SOURCE IN FREE
SPACE

We begin by describing the nature of the field produced by a point source
in complex space. Referring to Fig. 6-1, we initially assume the point source to
be located at Cartesian coordinates (0, 0, ib) and consider the field at coordinates
(x, 0, z). (We have restricted our attention to the x-z plane with the understanding
that the field is cylindrically symmetric about the z-axis.) The non-zero imaginary
part b of the source coordinate results in a beam whose axis is in the z-direction.
Denoting the source-receiver distance R1, we find

it, -- V/(z - b)+X (6

where R, is now complex. Since we are most often interested in the field near the
axis of a directional source, we concentrate on the paraxial region x2 < Z2 + b2 ,

92



93

DISK OF SUC

EQUIVALENT ib SOURCE
SOURCES COORDINATES

ON BRANCH CUT BEAM (0.0b)
SURFACE ZAXIS

Figure 6-1 GEOMETRY FOR THE DIRECTIONAL SOURCE. A POINT SOURCE IS PLACED AT

(z,yZ) COORDINATES (0,0,ib), WHICH PRODUCES A BEAM IN THE POSITIVE Z-DIRECTION.

where we can make the approximation

R, ,;,Z -- ib + X

2(z - Z'b)

x 2 (z + ib)= z b+(6-2)
2(z2 + b2)

Using this expression for R, in the exponential of the field due to a point source,
we find

eikRn : exp(kb) exp ikz 1 + 2(z 2 + b2) exp { (2  b2 ) (6-3)

The first exponential factor on the right hand side of Eq. (6-3) is a constant that
can be very large or small, so we normalize the field by the factor exp(-kb). The
second exponential factor gives the mathematical form for the phase fronts in the
paraxial region. The final exponential factor represents a Gaussian amplitude
distribution of the beam about the z-axis.

The square root operation required to calculate the complex distance RI
in Eq. (6-1) introduces a branch cut in real space. If we do not limit ourselves to
the x - z plane and define the radicand as

s(x,y,z) = (z - ib)2 + x2 + y2 = (Z2 - b2 + X2 + y2 ) - i(2bz) , (6 4)

then the branch points are located at (x,y,z) values where both the real and
imaginary parts of s vanish. It is easily seen that the branch points form a circle
of radius b in the z = 0 plane defined by x 2 + y2 = b2. We define the branch
cuts for the square root operation to be at points where In[s) = 0 and Re[s ] < 0.



94

The first condition implies that z = 0, and the second condition implies that
2 + y2 < b2. The branch cut surface is, therefore, a disk of radius b in the x - y

plane, lying in real space perpendicular to the beam axis (see Fig. 6-1).
With the branch cut as defined above, the evaluation of R, can be made

either on the upper Riemann sheet, for which Re[RI] > 0, or on the lower Riemann
sheet, for which Re[RI] < 0. When we include the suppressed time dependence
exp(-iwt), we see that

1 ei(kRl -wi) = -ekint[RI e (kile[RI]l)wi).(65
R, R,

From the last exponential factor in Eq. (6-5), we see that on the upper Riemann
sheet we have an outgoing wave, while on the lower Riemann sheet we have an
incoming wave. The significance of the branch cut is that the field is discontinuous
across the cut if all calculations of R, are made on the same Riernain sheet.
Therefore, points on the branch cut disk in real space may be viewed as equivalent
sources that together represent the single point source in imaginary space.

6-3 DETERMINATION OF COMPLEX SOURCE PARAMETERS

The method described here for modeling a directional source may be used
to investigate the behavior of beams from a theoretical standpoint or to model
an actual acoustic source. In determining the parameters of the complex source
to be used, it is appropriate to consider two basic characteristics of the beam to
be modeled: (1) a measure of the beamwidth and (2) a measure of the phase
front curvature of the beam along its axis. From these two quantities we derive
expressions for z and b. The latter can be thought of as the distance into imaginary
space the source is placed, while the former is the axial distance in real space from
the source to the region where the beam has the desired characteristics.

We define the spatial "variance" or width of the Gaussian beam described
in the last exponential factor of Eq. (6-3) by

2 z 2 + b 2
2 kb (6-6)

For x = ±a the field is down by e- 1/2 = 0.6065, or -4.34 d, from its peak at
x = 0; for x = ±2a the field is down by -17.32 (lB.

The radius of curvature of the phase fronts in the paraxial region can
be found from the second exponential factor in Eq. (6- 3). The equation for the
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curves of constant phase in the x-z plane is

kz1 + 2(z2+b2) =const (6-7)

The radius of curvature of these phase fronts on the z-axis may be found by
considering a point on the front a small distance Ax from the z-axis, drawing
the tangent to the wavefront at that point, and finding the intersection of the
perpendicular to the tangent with the z-axis (see Fig. 6-2). The distance from

Rc 1 /z"(O)

-1
slope z"(0) A x

A x x

z slope -z"(0) A x

Figure 6-2 CALCULATION OF THE RADIUS OF PHASE FRONT CURVATURE R,.

the intersection point to the phase front in the limit of small Ax is then the radius
of curvature R,. Some simple calculations based on Fig. 6-2 reveal that

1
0 z,(x=O) , (6 8)

where z(x) is the functional form of the phase front and z"(x = 0) is its secon(d
derivative with respect to x evaluated at x = 0. After taking (implicitly) two
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derivatives of Eq. (6-7) with respect to x and evaluating the resulting function at
x = 0, we find that the radius of curvature of the phase fronts on the z-axis is

= z2 + b2  (6-9)
Z

Equations 6-6 and 6-9 can be solved simultaneously for the two variables
z and b:

R2(kor2)2

b= (ka 2)R2b = (6-11)R2 + (ka,2) 2  ( -1

Thus, given the quantities a and R, that characterize a beam in a certain region
of interest, one can solve for z and b. To model the beam by a complex-valued
point source, one would place the point source a distance z in real space and a
distance b in imaginary space away from the region of interest.

6-4 REFLECTED AND TRANSMITTED FIELDS DUE TO AN IN-
=-D ENT BEAM

The problem in which we are interested is that of modeling the reflection
and transmission of an acoustic beam at a fluid-fluid interface lying in the z = 0
plane. We consider a beam that strikes the interface at the origin of our coordinate
system with angle of incidence OB (see Fig. 6-3). Vadhie. of the, h, mwidth (T and
the radius of phase front curvature R, in the region of the origin are to be specified
or estimated from experimental measurements. Equations (6-10) and (6-11) are
then used to calculate z (which, to avoid confusion with the z-axis in the present
case, we will refer to as P0) and b. After the appropriate rotation and translation
of the coordinate system, the point source is placed at [x, z] coordinates

[(-po+ib)sinOB,(-po+ib)cosOB] (6-12)

Note that we cannot allow the disk of radius b perpendicular to the beam axis
to intersect the interface or else the equivalent sources would extend into the
bottom. This restriction requires bsin tB < p0cos0O. The result is that it may
not be possible to model a narrow beam (b large) incident at small grazing angles

(0B near 900).
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Figure 6-3 GEOMETRY FOR THE REFLECTION AND TRANSMISSION OF A BEAM PRODUCED
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The method for finding the reflected and transmitted fields due to the
directional source is the same as for the point source, except that certain geometri-
cal quantities are complex. Since the source coordinates have been made complex.
the distances r and R, and the incident angle 00 in the reflected field expression
Eq. (2-46) and in the transmitted field expression Eq. (2 75) are also complex-
The fact that R, is now complex requires a slight redefinition of the quantities p
and f(9) associated with the method of steepest descent in Eq. (2-29). For the
directional source case we call these quantities 5 and f(0) . In order to keep i;
real, we set

--IpI = IkR 1l (6 13)

and

(0) = P f(o) - f(O)

where f(0) is defined in Eq. (2- 47b) for the reflection case aid in Eq. (2 76) for
the transmission case. Note that Eqs. (6--13) and (6 14) d, not constitute all
approximation because pf = J. As before, we tiind the saddle point(s) as the'
valuc(s) of 0 for which J'(0) vanishes. The field is then evaluate(d by either the
saddle point approximation or by numerical integration along the path of steepest
descent.

6-5 EXAMPLES OF COMPUTED FIELDS

Examples of the acoustic field due to the reflection arid transmission of
a beam incident at a fluid-fluid interface are shown in Figs. 6-4 to 6-6. The
figures show contour lines of constant pressure amplitude of the reflected field
(z < 0) and the transmitted field (z > 0) for beams incident on the fluid-fluid
interface at angles 0, = 550, 62'. and 680. The beam axis intersects the interface
[characterized by n = 0.866 (0c = 600) and n = 2.0] at the origiin. The beam
is specified to have a variance of (7 = 5A and a radius of wavefront curvature of
R, = 50A. These characteristics result IM an imaginary source coordinate of b
14.5A and p) = -45.A. Note that the fields across the interface in Figs. 6 1 to 6 6
are discontinuous. This is because the incident field die to the beam source has
not been added to the reflected field above the interface. To test the computer
algorithn that produced the contour plots, the total field above the interface was
calculated, and there was less thaii a 0.01 dlI discontiniity across the iitc rf,-,e.
The condition of pressure cont inuit v is one of the two bounlarv condit ions imposed
at a fluid fluid interface.
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The fields shown in Figs. 6-4 to 6-6 are intended to illustrate some ba-
sic characteristics of beam interaction at a fluid-fluid interface when the angle of
incidence is near the critical angle. Rather than attempt to undertake a compre-
hensive study of this phenomenon, we mean to show that (1) the complex source
approach can be used with few restrictions to find the field due to a directional
source, (2) basic characteristics of the reflected and transmitted fields, such as
the beam angle and beam displacement at the interface, can be analyzed, and
(3) he relative importance of different contributions to the total field at individ-
ual points can be evaluated. With regard to the second item, the axes of the
reflected and transmitted beams have been estimated by roughly connecting the
extremal points on successive contour lines. The beam displacements, which we
call A for reflection and At for trausmission, are found by extending the beam
axes back to the interface. Although this procedure is not rigorous, it does give a
good estimate of the beam characteristics.

In Fig. 6-4 the beam is incident on the interface at an angle of 55 , which
is 5* steeper (smaller) than critical incidence. In this case both the reflected and

RANGE -
INCIDENT -10-5 0 5 ... 10 15 20 25 1

BEAM ,57.00

50

00

0

-5 0 5 10 15 20 25

Figure 6-4 REFLECTED AND TRANSMITTED FIELD FOR AN INCI)ENT BEAM WITII ANCLE

On = 550 .

transmitted beams are well defined, even near the interface. The reflected beam
has an apparent displacement of A = 2.6A, while the transmitted beam has an



100

apparent displacement of At = 2.0A. These results may seem surprising at first
because the formulas in Eqs. (2-60) and (2-81) indicate that the ray displacements
at these angles should be zero. However, it appears that these phenomena may be
explained consistently by considering the facts that the incident beam is actually
composed of a spectrum of plane waves about the beam axis and that rays drawn
perpendicular to these plane waves strike the interface at different points. For
example, the rays incident at 0 = 550 strike the interface at the origin and are

reflected with a plane wave reflection coefficient V of 0.61, while those at the
critical angle 0 = 600 strike the interface to the right of the origin and are reflected
with a coefficient of 1.0. Although the latter rays are initially weaker than the
former due to the fact that they are 50 off the beam axis, their larger reflection
coefficient could make them stronger after reflection. This may explain not only
why the reflected beam axis has been shifted to the right, but also why its angle
is slightly larger (570) than that of the incident beam.

In the case of the transmitted beam in Fig. 6-4, one must also consider the
spreading introduced by refraction according to Snell's law. For incident angles
slightly steeper than critical, a small change in incident angle results in a large
change in transmitted angle. The resulting spreading is largest near the critical
angle and diminishes toward steeper angles. This factor may explain why the
transmitted beam in Fig. 6-4 has a measured angle of 67.4', while Snell's law
predicts an angle of 71.10 for an incident beam at 550. The shift to a steeper
angle may be due to the decreased spreading upon refraction at steeper angles.
However, since the steeper rays strike the interface to the left of the beam axis,
one might expect the displacement upon transmission to be negative rather than
the indicated positive value. Clearly, the present arguments are inadequate to
account for both the displacement and angle of the transmitted beam.

Figure 6-5 shows the reflected and transmitted fields for a beam incident
at 62*, which is 20 larger than the critical angle. The reflected beam is displaced
by 4.9A and has an angle slightly larger than the incident beam. These phenomena
can be explained using the same argument as for the 550 beam: the effective beam
center is shifted to shallower angies and to the right because the steeper angles
experience more loss upon reflection. The ray displacement at 620, according to
Eq. (2-60), should be A = 1.9A. The measured value of A = 4.9\ is larger due
to the additional effect of the beam center being shifted to the right.

The transmitted beam in Fig. 6-5 is displaced 1.8A to the left and has
an , gle of 75.40 . By checking the eigenray list for receiver positions along tile
beam axis, it is apparent that tile main contribution to the field is from eigenrays
that are incident on tile interface at angles slightly steeper than the critical angle.
These eigenrays represent a part of the beam that strikes tile interface to tile left
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Figure 6-5 REFLECTED AND TRANSMITTED FIELD FOR AN INCIDENT BEAM WITH ANGLE

OB = 620.

of the main beam axis. Therefore, the apparent displacement of the transmitted
beam is negative. The beam angle in the bottom is due to a combination of the
following factors: (1) the decreasing spreading loss upon refraction as the incident
angle becomes steeper than critical, (2) the decreasing strength of the incident
beam for angles steeper than the beam axis, and (3) the decreasing transmission
coefficient [see Eq. (2-73)] as the incident angle becomes steeper than critical. The
transmitted beam at 62* incidence is shallower than at 55* incidence, as expected.

The final example appears in Fig. 6-6, where the incident beam angle
is 68'. The reflected beam has an angle of 65.60, compared to the value of 68'
predicted from Snell's law, and a measured displacement of 1.1A, compared to a
predicted ray displacement of 1.8A. By virtue of the fact that the incident beam is
80 shallower than critical, one would expect there to be little shift of the effective
beam center due to unequal reflection on opposite sides of the incident beam axis.
One possible explanation is that the deviation is due to interference from the
lateral wave field. A check of the eigenray list shows that the lateral wave ray is
typically 30 dB down from the totally reflected ray along the beam axis. On the
interface side of the beam axis the lateral wave ray becomes relatively stronger.
This may account for the apparent asymmetry of the reflected beam.

The transmitted beam in Fig. 6 6 has an angle of 80.5' and a negative
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Figure 6-6 REFLECTED AND TRANSMITTED FIELD FOR AN INCIDENT BEAM WITH ANGLE

OB = 680.

displacement of 14.2A. The displacement to the left is larger in this case than
the previous because energy incident at angles steeper than critical strikes the
interface farther to the left. The transmitted beam is significantly weaker in this
case because the penetrating energy is farther off the beam axis. As expected,
incident beams at shallower angles excite transmitted beams at shallower angles.

In both Figs. 6-5 and 6-6, the evanescent field in the upper wavelength
or so of the bottom is evident. In the latter case an interference pattern between
this field and the transmitted field can be seen, particularly at a range of 4A and a
depth of 1A. These effects can make it impossible to trace a beam axis all the way
back to the interface. The transmitted beam in such cases is only distinguishable
a sufficient distance from the interface.

6-6 SADDLE POINT STRUCTURE

The saddle points and their associated steepest descent paths for receivers
along several horizontal lines are shown in Figs. 6-7 and 6-8. In each figure both
the reflected and transmitted fields two wavelengths from the interface (z, = ±2A)
are sampled ten times from horizontal ranges of -SA to 25A. Figure 6-7 is for the
incident beam at 550 shown in Fig. 6-4, and Fig. 6--8 is for the incident beam at
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68* shown in Fig. 6-6.
The general effect of the source directionality on the saddle point loca-

tions is to shift the saddle points farther off the real 0-axis as the eigenray angle

moves farther off the beam axis. The computer algorithm for finding the cor-

rect saddle points must be more sophisticated in the present case because there
are more possibilities for how the saddle points migrate and evolve and how the

iorrect contour of integration is completed. For example, in Fig. 6-7(a) the par-
tially reflected eigenrays evolve smoothly into the lateral wave eigenrays, whereas

they usually evolve into the totally reflected eigenrays, as they do in Fig. 6--8(a).
Another possible scenario is that for the transmitted field, the steepest descent
path of the transmitted ray can loop around the critical angle, but both endpoints
terminate towards 7r/2 - ioo instead of -7r/2 + ioo. In this case, an evanescent
ray saddle point must be found on the lower Riemann sheet. Its steepest descent
path completes the contour of integration.

In Fig. 6-7(a) we see that the reflected field at the largest three ranges
requires two saddle points, while the other ranges require only one. The lateral
wave rays are about 12 dB weaker than the totally reflected rays. In part (b)
of the figure we see that the transmitted field at the largest two ranges requires
two saddle points: one transmitted and one evanescent. The latter rays are about
40 dB weaker than the former.

In Fig. 6-8(a) for the reflected field, we see that all but the first receiver
have a lateral wave saddle point. Note how the saddle points cross the real 0-axis
around 680, which is the angle of the incident beam. For the transmitted field in
part (b) we see that all but the first receiver have the evanescent ray as well as
the transmitted ray. The evanescent field, however, is 20-29 dB weaker than the
transmitted field, despite the fact that the transmitted rays near 60' are quite far
off the incident beam axis.

6-7 CONCLUSIONS

In this chapter we have demonstrated how our method for modeling
acoustic propagation in terms of eigenrays can be modified to accommodate direc-
tional sources. We have described the nature of the directional field produced by
placing a point source in complex space, and we interpret the associated )ranch
cut surface as a disk of sources in real space equivalent to the point source in
complex space. One method for modeling a beam withi a given radius of phase
,:ont curvature and beamwidth has been proposed. Finally, we have given sev-
eral examples of the reflected and transmitted fields due to a bearn incident on a
fluid-fluid interface near the critical angle. The same techniques described in this
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chapter for modeling a beam incident on a single interface could be used to model
a directional source in a flat or sloping waveguide by simply using the appropriate
plane wave integrals given in Chapter 3.



CHAPTER 7

CONCLUSIONS

The contribution of the research presented in this dissertation is the im-
provement of ray techniques to model acoustic propagation in shallow water. In
Chapter 2 we developed a method for computing tie fiuld due to a point source
in the presence of a fluid-fluid interface. After formulating plane wave integral
representations of the reflected and transmitted fields, we use a variation on the
method of steepest descent to solve the integrals. By allowing the reflection and
transmission coefficients to influence the saddle point criterion, we obtain a formu-
lation that includes such wave phenomena as the reflected lateral wave field in the
water and the evanescent field in the bottom. Each saddle point of a given plane
wave integral corresponds to the angle of an eigenray that contributes to the field,
and eigenray characteristics such as travel time, propagation path, and reflection
or transmission losses are derived. The simple ray interpretation breaks down to
a certain degree when the saddle point represents a complex eigenray angle. This
occurs when the field is composed of several ray contributions merging into one,
or when the field is evanescent. Although saddle point approximations to the
integral for the field are usually adequate, a technique for numerical integration
along the path of steepest descent must be used in certain cases.

The prime motivation behind developing the ray method for the single-
interface problem is to apply it to simple shallow water ocean environments. In
Chapter 3 we extended the method to flat and sloping waveguides by construct-
ing the multiple image sources that account for the multiple ray paths between
source and receiver in a waveguide. The field due to each ray path is constructed
as a plane wave integral in a manner analogous to the single-interface problem.
Each integral contains multiple reflection coefficient factors (evaluated at differ-
ent angles for the sloping case), corresponding to the reflections encountered by
the ray path whose contribution the integral represents. We use the same algo-
rithm to evaluate the ray fields in terms of saddle points and iaeir corresponding
eigenrays, and we obtain the total field in the waveguide by simply summing the
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contributions of the important rays.
We have evaluated our ray model algorithm by comparing its field calcu-

lations with those produced by other computer models. For the flat oceanic wave-
guide, the ray model and the SAFARI fast field program predict almost identical
fields. Results from normal mode theory are also compared, and we find that if
only the trapped normal modes are calculated (as is usually the case), the mode
results can be poor when a mode is near cutoff. We find good agreement between
results from the ray model and the SAFARI model even in the very low frequency
case where the depth of the water is only half of the acoustic wavelength.

For the sloping waveguide, or wedge, the ray model has been applied to
benchmark problems proposed in December 1986 by the Underwater Acoustics
community of the Acoustical Society of America. In Chapter 4 we demonstrated
exccllent agreement between results from the ray model and a model based on
two-way coupled mode theory. The independence of the two models' approaches
assures us that their common solution is indeed correct. Since there are always
uncertainties in the formulation and implementation of any propagation model,
the development of a new and independent technique is a valuable contribution to
the modeling effort in general. For example, the availability of the coupled mode
results was much appreciated when the author was initially implementing the ray
algorithm as a computer program.

Besides constituting an independent means of calculating acoustic fields
in shallow water, the ray model provides physical insight into the composition of
the field in terms of eigenrays and their characteristics. In Chapter 4 we addressed
the issues of backscatter, the importance of lateral waves, and the importance of
partially reflected rays by analyzing the eigenrays at a particular receiver position
in a wedge.

The ray algorithm differs from most numerical models in that it can find
the field in a pointwise manner, as opposed to "marching" algorithms that must
compute the field at all points between a given source and receiver. In applications
where the field at only a handful of points is of interest, the pointwise algorithm
can be very advantageous. Another unique feature of the ray method is that it
is more efficient at high frequencies than at low frequencies. In addition, the ray
method has no large computer memory requirements that are sensitive to the
acoustic frequency being modeled.

Ray modeling of propagation in a three-dimensional wedge with a pen-
etrable bottom was described in Chapter 5. In deriving the plane wave integral
for each ray field in this case, we find that a double integral over two independent
plane wave angles n;iast be cvaluated. As a consequence, the saddle point crite-
rion requires partial derivatives with respect to two angular variables to vanish.



109

A more complete investigation of the feasibility of solving the two-dimensional
integral remains to be done, but an approximate method that would be straight-
forward to implement is proposed. Three-dimensional propagation problems are
of great interest to the underwater acoustics community, but they pose serious
problems to all modeling approaches. Successful application of the ray model to
even the simplest three-dimensional problem, the isovelocity wedge, would provide
a valuable tool in evaluating other modeling methods.

The final application of the ray method, described in Chapter 6, was to
model a directional source by assigning complex spatial coordinates to a point
source. Although a point source in complex space is difficult to interpret physi-
cally, the mathematical formulation of the problem results in branch cut surfaces
in real space that can be viewed as containing equivalent sources. The reflected and
transmitted fields due to a beam incident on a fluid-fluid interface are computed
using the same techniques as for the point source problem. The only modification
required is that certain parameters describing the source-receiver geometry must
be made complex. Several examples of fields due to beams incident near the crit-
ical angle have been computed, and brief analyses have been given. A directional
source in a flat or sloping waveguide could be modeled using the same techniques.

The development of the ray methods described in this disseration has
focused on simple environmental models. For example, the ocean water has been
assumed isovelocity, interfaces have been assumed flat, the media have been as-
sumed to be fluids, and ocean bottoms have b-en assumed homogeneous. As a
research tool, it is valuable to be able to address such idealized problems with
great precision; in practice, however, it is desirable to describe real ocean en-
vironments more accurately by including sound velocity gradients in the media,
interface roughness, and shear velocities and layering in the ocean bottom. Fu-
ture research may involve applying some of the concepts and numerical methods
developed here to tackle these more difficult problems.
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